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1. Statement of the Problem Studied

The scattering of waves by randomly rough surfaces is a phenomenon that occurs

in many fields, there have been hundreds of research papers on this subject, and many

diverse theoretical and experimental investigations have been made. However, there

remain many aspects of the surface scattering problem that are poorly understood and that
are thus quite completely open to investigation.

In our experimental and theoretical research during our ARO grant, we have studied
the optical scattering properties of rough conducting surfaces that have correlation length

comparable to or slightly greater than the illumination wavelength. We have studied the

diffuse and coherent scatter, as well as the angular correlation functions associated with the
scattered light. We have written nine major papers for scientific journals of the highest

standards, have presented five invited papers in five different countries, and have presented

eleven contributed papers at other scientific conferences; all of this work has been
supported exclusively by the ARO. In the following we summarize these contributions.

2. Polarization-Dependence of Light Scattered by One-Dimensional Rough Surfaces
A. Experimental Work

It is certainly true that a surface with one-dimensional (I-D) roughness will not

depolarize an incident wave with p or s polarization; it was somehow concluded in previous
work that the diffuse scatter from such a surface was thus specified by the mean scattered

p- and s-polarized intensities 4p and I.. We were the first to show that these intensities
comprise only two of the four quantities required to describe the diffuse scatter. In Ref. I
we showed that the multiple scattering from a 1 -D rough surface may be isolated by
illuminating with a +45' polarization state and detecting the mean scattered intensity with
+45* polarization (hereafter called I+). More explicitly, in Ref. 2 we showed that the

diffuse scatter from a 1-D rough surface is specified by four unique Mueller or Stokes

matrix elements, two of which are equivalent to Ip and Is, while the other two (Q33 and s4)

are quite independent of Ip and Is. With experimental measurements, we then demonstrated

the importance of all four matrix elements for a surface with Gaussian statistics and with

sufficiently strong slopes to create backscattering enhancement. We showed that I÷ is
:'elated to S33, and we again found that I+ isolated the multiple scattering and hence the

backscattering enhancement from the rough surface.
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In some quite recent work (Ref. 8), we have investigated the effect of surface
roughness on the four unique matrix elements. In addition to other results, we find
unusual behavior in the coherent component of the scattered light, and we find that
surprisingly smooth surfaces produce backscattering enhancement in 1+.

B. Theoretical Work

We provided the first theoretical study of the four unique matrix elements of a A-D
rough surface in Ref. 3. Using exact numerical methods for a perfect conductor, we
showed results for surfaces with Gaussian statistics and roughness sufficiently strong to
create backscattering enhancement. Then, with the iterated Kirchhoff method for p and s
polarization, we showed that the two series generated are composed of exactly the same
terms but with differing signs (this is a remarkable result that had gone unnoticed for many
years). We then discussed the significance of this result on the order-by-order expressions
for the four unique matrix elements, and we rigorously showed that 1+ indeed corresponds
to pure double scattering. In comparisons with experimental data, the most significant
differences were seen in S34 and were attributed to the finite conductivity of the
experimental surface.

C. Comparisons of Theoretical and Experimental Work

In the previous work of others, significant differences had been seen in
comparisons of theoretical and experimental results for I, and I. for surfaces that produce
backscattering enhancement. In our recent work (Ref. 6), we showed that, for the first
time, good agreement could be obtained in such comparisons. Moreover, we considered
not just I, and Is, but all four unique matrix elements. There were two essential reasons for
this success. First, our experimental surface was of much higher quality than in previous
work, and secondly, we developed new numerical methods based on an impedance
boundary condition that worked well for highly conductive surfaces. We also found that
rather subtle properties of the experimental surface (in this case the statistics of the surface
curvature) can have significant effects on the scattering properties. The good agreements
obtained are impressive in view of the many subtleties of the experiments (such as surface
characterization), as well as a number of assumptions made in any "exact" theoretical
method.
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3. Angular Correlation Functions in Rough Surface Scattering

One may ask more general questions in light scattering from a randomly rough
surface. For example, at a given illumination angle, when will the amplitude scattered to
some scattering angle be correlated with another amplitude for differing incident and
scattering angles? What form will this correlation function take? These questions had been
approached in the 1970's in work employing the Beckmann formulation in surface
scattering, and such considerations had been termed the "Memory Effect" in recent years in
volume scattering from disordered media.

In Ref. 4, we used the stochastic Fourier transform method due to Brown to derive
a correlation condition that determines when correlations may be significant. We then
employed exact numerical calculations to study the form of these correlation functions for
surfaces that produce backscattering enhancement. It was found that "coherent effects"
could be seen in these correlation functions. In Ref. 5, we then employed experimental
methods to study the angular correlation functions of intensity. We showed that these
correlations appeared to be related to the amplitude correlations by the Gaussian moment
theorem. Further, we showed that the the unusual behavior arose from the coherent
addition of four distinct phasors, which clearly demonstrates the coherent nature of
backscattering enhancement.

The correlation functions studied in Refs. 4 and 5 appear to be quite fundamental,

as the amplitude correlation functions are generalizations of the Stokes matrix elements.
They also provide considerable physical insight into the scattering mechanisms occurring
on any rough surfa:e so that it is likely that they will find considerable application in future
work.

4. Additional Research

In Ref. 7, we have also provided investigations of the two-dimensional nature of
the backscattering enhancement from a surface with two-dimensional roughness. For the
special case of normal incidence, we showed that the co- and cross-polarized scattered
intensities have secondary minima and maxima at field angles surrounding the
backscattering direction. These observations appear to be beyond the grasp of existing
theoretical methods, but will become increasingly relevant in future theoretical work as the
speed of computers continues to increase.

We have also studied the effect of stylus width in our surface characterization
methods in Ref. 9. This is the fundamental experimental limitation on the resolution
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achievable with the mechanical methods used throughout our work. We showed that the
measure profile is highly nonlinear in the surface height and its first two derivatives. We

then conducted the averaging required to obtain closed-form expressions for the first two
moments of a profiled Gaussian process, and showed that the measured roughness should

initially decrease with increasing stylus width. Despite the widespread application of stylus
profilometry, to our knowledge this is the first time that such results have been derived.
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Anomalous light scattering from a perturbed grating

M. E. Knotts and K. A. O'Donnell
The School of Physics, Georgia Institute of Technology. Atlanta. Georgia 30332

Received April 24. 1990: accepted October 9. 1990

Both diffraction orders and backscattering enhancement have been observed in light scattering from a metallic
diffraction grating with random groove depths. The polarization dependence of the observations is shown to be
consistent with multiple-scattering models.

The scattering of electromagnetic waves from ran- so that after development of the plate, the resulting
domly rough surfaces is by no means a well-under- grating structure had equally spaced Gaussian grooves
stood phenomenon. Recent measurements of light with random fluctuations in groove depth.
diffusely reflected from characterized rough surfaces The surface discussed here was then coated with a
have shown unusually enhanced backscattering to- thin layer of vacuum-deposited gold to permit study of
ward the source of illumination."12 The backscatter- its reflective scattering properties. A profile of the
ing effects observed have been attributed to multiple prepared surface as measured with a diamond-stylus
scattering by surface features, 2 using arguments relat- mechanical profilometer is shown in Fig. 1. There are
ed to those applied to light scattering fr m particles. 3  clearly grooves present with a smooth Gaussian profile
There has also been considerable effort directed to- but with randomly varying depth. The dotted line
ward a theoretical understanding of such phenomena, plotted in each groove has length proportional to the
though the calculations can be difficult for surfaces reciprocal of the computer-generated random veloci-
that produce multiple scattering. Computational ty, so that, assuming a linear photoresist response, this
methods based on the Ewald-Oseen extinction theo- line should be equal to the groove depth. It can be
remi. 5 have predicted backacattering peaks similar to seen that the agreement is generally good. From
observations from corrugated surfaces. 6  The full- these profilometry data and the computer-generated
wave method- has also theoretically predicted unusual velocities used in the exposing process, we estimate
backscattering from deep surfaces. In most (but not the groove width (full width at l/e point of maximum
all 8) of this research it is assumed, as in the experimen- depth) to be 2.4 pm, with an average groove depth of
tal observations, that the surface profile is a Gaussian 2.5 pm and a standard deviation of 0.8 pm.
random process. In the scattering experiments, the surface was ori-

In this Letter we report experimental observation of ented so that the incident wave vector ki was orthogo-
a backscattering effect from a completely different nal to the groove direction at all angles of incidence.
type of surface. The surfaces that we have fabricated It is well known that if the electric field vector E of the
are nearly diffraction gratings, although they have a incident wave is then either parallel or orthogonal to
small, deliberate, and controllable random perturba- the grooves (s or p polarization, respectively), the scat-
tion from the ideal periodic profile. Perfect gratings tered field will have similar polarization."- Further-
have been studied in detail theoretically9 ; for such more, for a corrugated surface the scattered light will
surfaces multiple scattering may occur if steep slopes remain in the plane of incidence. The quantity that
are present, but the periodicity of the surface implies we present is the normalized differential scattering
that the light may only be sent into the discrete direc- cross section Z(8,, 60), defined as
tions of the grating orders. On the other hand, the
perturbed gratings discussed here produce grating or-
ders as well as diffuse scatter; it is in the latter that
enhanced backscattering may be observed. Position along x axis (gm)

The perturbed gratings were fabricated on glass 0.0 10o0 200o 3aln 400 (0 0
plates that had been spin coated with an 8-pm layer of
Shipley 1650 photoresist. The plates were mounted o.o0
on a precision x-y positioning stage, which was driven E
by a computer with a Newport 855 stage controller. - 1 0
An attenuated beam from a 10-mW He-Cd laser (Li- -
conix 4207NB) operating at a 0.442-pm wavelength C -

was focused to a waist of approximately 5-pm full -30
width on the surface. The plate was scanned in a
raster fashion by the computer to produce a grating of Fig. 1. Scan of a prepared random grating with a mechani-
10-pm period over a 10 mm X 10 mm area. The cal profilometer. The dotted lines have lengths proportion-
velocity of each line of the scan was determined by a al to the random exposure values generated by the comput-
Gaussian random-number generator in the computer, er.

0146-9592/90/241485.0352.00/0 0 1990 Optical Society of America
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Fig. 2. s-Polarized scattering cross sections of the random grating as a function of scattering angle 0, for angles of incidence =
0 deg (A), f deg (B), and 10 deg (C), (D). The strong diffraction orders move into the forward-scattering direction (0, = H •. al-
though the broad fringes maintain a constant angle with respect to the backscattering direction (6, = -0,). The notch at the ex-
act backscattering direction [note the missing zero order in (A)] is due to the occlusion of the detector by the source.

1 dP(Oi, Os) move into the forward-scattering direction. Though

Pinc dO5, it is not easily seen on the scale shown, there is also
much less diffuse scatter present between the diffrac-

where 8i is the angle of incidence and 6, is the scatter- tion orders than in Fig. 2. The cross-polarized cross
ing angle with respect to the surface normal, Pi,, is the section is small [note the scale change in Fig. 3(B)] and
incident power, and dP(6,, 8,)/d8, is the scattered pow- is composed of essentially only diffuse scatter, as the
er per unit angle. In our experiments the expanded dominant diffraction orders are completely extin-
beam from a He-Ne laser of 0.633-Mm wavelength illu- guished near normal incidence and rise up only weakly
minated a 6-mm-diameter area of the sample. The at higher angles. Remarkably, these orthogonally po-
scattered light was then measured on an arc of radius larized data have a completely different fringed struc-
70 cm centered on the sample, in a manner that was ture that maintains a constant angular relationship
discussed in more detail elsewhere.2  Examples of with respect to the source, though different parts of
scattering cross sections for this grating for s incident this structure may rise or fall, depending on the angle
polarization are shown in Fig. 2. There are large zero- of incidence. We thus conclude that a backscattering
and first-order diffracted waves present, weak higher- effect has been essentially isc ': led from the diffrac-
order diffracted waves, and a small amount of diffuse tion orders by resolving the detected polarization in
scatter at other angles. As the angle of incidence this manner.
increases, the diffraction orders move into the for- The polarization conditions employed above may
ward-scattering direction, as expected for an ideal seem unusual, since in previous experimental and the-
grating. In contrast, the diffuse scatter exhibits a oretical research on enhancement from corrugated
weak set of broad fringes that, as the angle of incidence surfaces the incident polarization has been either the s
increases, remain at the same angular position with or p case,- Nevertheless, the polarization conditions
respect to the source. This then appears to be a back- used in Fig. 3 are significant because they are part of
scattering effect, although what is seen here is small the procedure necessary to measure elements of the
compared to the diffraction orders and is perhaps not Stokes matrix of the scatterer.'0 It is well known that,
convincing, depending on the incident and detected polarization

However, we have found that a backscattering conditions, any scattering measurement corresponds
structure alone may be readily observed from this sur- to linear combinations of such matrix elements.10 We
face in a slightly different experiment. Figure 3 shows thus conclude that the backscattering effects and grat-
data taken with the incident field linearly polarized at ing orders of this perturbed grating necessarily reside
+45 deg with respect to the grooves, with the scattered in distinct sums of Stokes matrix elements.
field resolved into parallel and orthogonal linear po- Apart from these formal considerations, there is a
larization components. The copolarized scattering physical manner of interpreting these data. It has
[Fig. 3(A)] contains diffraction orders that, as in Fig. 2, been postulated that enhanced backscattering as well
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9 ,the intermediate wave sent to the other side uf the
valley will have the polarization shown so as to make
the total electric field along the surface zero. When
this is scattered at point 2, for similar reasons the light

20 escaping from the surface will then be cross polarized
with respect to the original wave. This path and its
time-reversed partner are believed to give rise to back-

30 scattering enhancement" so that, as was found in Fig.
3(B), the enhancement should then reside largely in"-1.00 the cross-polarized signal. Of course this perturbed
grating is not a perfect conductor, and these models
are quite naive when applied to wavelength-sized

•_ structures, yet observations of the surface field have
(A) been remarkably consistent with these arguments.-

The approximately 11.5-deg angular period of struc-
ture in Fig. 3(B) is consistent with multiple-scattering
light paths of transverse length I of 3.2 ,m [through an

0 "angular diffraction width of arcsin(X/1I1, which is rea-
sonable for grooves as in Fig. 1. Furthermore this
structure is distinct from the 3.6-deg diffraction order

20 spacing apparent in Fig. 3(A) [as predicted for a grat-
4 ing of 10-,m period 'P through" arcsin(X/P)].

We conclude that this perturbed grating produces
30 enhanced backscattering in addition to the more usual

2.5 - 10-3 diffraction orders. Although enhanced backscatter-
-40 -2 2 ing has been observed in previous research for a20 40 Gaussian surface, its interpretation in this case is by

(B) no means straightforward, as multiple-scattering
paths on such a surface occur in a highly random

Fig. 3. Measured scattering cross sections Z( 6,.) (vertical manner. On the other hand, the perturbed grating
axis) for the ,andom grating with incident linear polariza- discussed here is random enough to produce backscat-
tion at +45 deg with respect to the corrugation direction; 0, is tering enhancement but is sufficiently regular so as to
the angle of incidence, and 0. is the angle of scatter wit., associate the observed effects with unique light paths
respect to the surface normal. (A) and (B) are copolarized
and cross-polarized scattering, respectively. The line 0, = occurring within structures on the surface. It then
-0, is the backscattering direction; the trough that is appar- presents a compelling argument that multiple scatter-
ent there in (B) (heavy arrow) is due to the obstruction of the ing plays an essential role in all these observations.
detector by the source. This research was supported by the U.S. Army Re-

search Office.
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Polarization dependence of scattering from one-dimensional
rough surfaces

K. A. OYDonnell and M. E. Knotts
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Received November 7, 1990; accepted January 25, 1991

The scattering of light by a one-dimensional rough surface is investigated in terms of the Stokes scattering ma-
trix. It is shown that only four unique quantities appear in this matrix. Two of these are simply related to
the s- and p-polarized scattering cross sections, although the other two quantities contain the cross correlation
of electric-field amplitudes scattered by a and p incident states. Through experimental measurements with a
well-characterized rough surface fabricated in photoresist, it is shown that all four unique Stokes matrix ele-
menta are significant for a surface that produces backacattering enhancement.

1. INTRODUCTION in Sections 2 and 3. Experimental results are then pre-
sented in Section 4 for a one-dimensional surface that

There has recently been considerable interest in light produces enhanced backscattering. All the Stokes matrix
scattering from surfaces that are randomly corrugated in elements are measured for normal and 100 incidence so
only a single dimension. Enhanced backacattering that the diffuse scattering properties have been corn-
has been observed in the reflective scatter from one- pletely specified in these cases. In particular, it is shown
dimensional surfaces that have Gaussian height statis- that the quantities neglected in previous research are
tics."- These experiments have been done for comparison highly significant for a surface that produces enhanced
with theoretical predictions, as the one-dimensional backscattering.
surface may be approached with computationally inten-
sive methods.4" Theory and experiment have reached 2. STOKES MATRIX OF A
significant agreement regarding the form of the enhanced- ONE-DIMENSIONAL ROUGH SURFACE
backacattering structure as well as its dependence on
illumination wavelength, angle of incidence, and surface Consider a plane wave, as shown in Fig. 1, incident upon a
correlation length. one-dimensional rough surface at angle 6,. As in previ-

It has been well recognized in this research that, if the ous research we assume that the incident wave vector k, is
incident wave is linearly polarized in a direction parallel orthogonal to the corrugation direction. It is well known
or orthogonal to the surface corrugation (s or p polariza- that two conditions then follow'": First, the scattered
tion, respectively), a one-dimensional scatterer will pro- light will remain in the plane of incidence, and one-dimen-
duce an identically polarized scattered field. This seems sional cross sections (scattered power per unit planar an-
tn hp the reason that, in all previous theoretical and ex- gle) are thus of interest. Second, if the incident field is
perimental research, the one-dimensional rough surface linearly polarized with complex amplitude El, in the plane
has been studied only in terms of its two scattering cross of incidence (p polarization), or else is linearly polarized
sections for s and p incident polarization states. How- with complex amplitude E2, in the orthogonal direction
ever, it has not been made at all clear in what sense these (s polarization), the scattered light in the far field will
two quantities characterize the scattering properties of have the same polarization as that of the incident field.
the surface. Now, if the incident field is an arbitrary (but determin-

In what follows we show that past research has been istic) polarization state, it may be considered a linear com-
incomplete and that the s and p crow, sections are not suf- bination ofp and s states. The total scattered field must
ficient to describe the scattering behavior. It is shown then be a vector sum of the scattered fields due to the p
here that complete determination of the diffuse scattering and s components of the incident field, but these fields are
properties (i.e., those involving second-order moments of orthogonal to one another and cannot then interfere.
the scattered field) of a one-dimensional surface requires More succinctly, this condition may be written in matrix
not two but four scattering cross sections. Indeed, two of form as
these are effectively the a and p cross sections, but the
other two quantities must be determined with an incident rE, fit~ 0 ]j [El.
state that is a mixture ofs and p states. LE2  10 f[ f2E 2 JE2

The present paper is formulated in terms of the Stokes
scattering matrix. First, in Section 2 we derive the form where E1 and E2 are the components of the scattered field.
of the Stokes matrix of a one-dimensional rough surface. The matrix elements fii and f22 represent the far-field
Four unique elements appear in this matrix, and the pro- scattered amplitude for incident p and s states of unit
cedure necessary to determine these elements is discussed amplitude, respectively, for a particular realization of the

0740-3232/91/071126-06$0&00 C 1991 Optical Society of America



14

K. A. O'Donnell and M. E. Knotts Vol. 8, No. 7WJuly 1991JJ. Opt Soc Am. A 1127

trix elements are defined as
y

+45 s f ((Ifiti2) + (A212))/2,
X s,1 = ((IfIAM) - (Ifzl?))/2,

533 -= llff)),

8 = - Im((fft2*))- (5)

The angle brackets in all quantities above imply an aver-age over the ensemble of surfaces.
Clearly, all the Stokes matrix elements may be deter-

mined theoretically from second-order moments of the
_W quantities fl, and f22. On the other hand, experimental

O0 X determination of the Stokes matrix is not always a
straightforward procedure. A general technique for
measuring the Stokes matrix is given by Bickel and

Fig. 1. Scattering of an incident wave by a one-dimensional ran- Bailey ; this involves a lengthy series of 43 measurements
domly rough surface, made with various incident and detected polarization

conditions. Further, such measurements are sensitive
random surface. Further, fl, and f22 are functions of to inevitable imperfections in polarization compo-
the incidence and scattering angles 8, and 0, (as is also the nents, and much effort may be necessary to correct
scattered field); this angular dependence will be left im- data.1" However, for the simplified Stokes matrix of
plicit in the quantities above. The lack of off-diagonal Eq. (2), it is possible to use relatively straightforward pro-
matrix elements is a consequence of the fact that a pure cedures to determine the entire matrix. The methods to
p- or s-polarized incident field will not suffer any change be discussed here amount to special cases of the general
of polarization state, technique, and the presentation will be brief; a complete

The representation of Eq. (1) is not convenient, for the discussion may be found in Ref. 13.
quantities that are normally of interest in studies of dif- We consider here the effect of illuminating the scatterer
fuse scatter are second-order momenta of the scattered with four possible incident states: (1) an s-polarized
field, in which averages are taken over the ensemble of wave with Stokes vector V, (2) a p-polarized wave with
surface realizations. A natural formulation of this prob- Stokes vector V,, (3) a wave that is linearly polarized at
lem is thus in terms of Stokes vectors and matrices."0 In +45 (V.), and (4) a right-circularly polarized wave Vt."
this formalism the expression analogous to Eq. (1) may be If these are assumed to have unit intensity the incident
readily derived with the use of well-established tech- states are represented by
niquesB'11 2 although the details are somewhat lengthy and
will not he reproduced here. We simply state that, if the
incident and scattered fields are expressed in terms of
their Stokes vectors V, and V, the Stokes matrix S that
relates these vectors follows from Eq. (1) as

F1 [811 512 0 0 11
U 0 0 833 .834 ' U-, v. I .i 6

V 0 0 - S U 8 33 J L Y 0J

or

The scattered polarization state for an incident p-polar-
V SV,, (3) ization state may be found by applying V, to the Stokes

where the elements of the Stokes vector of the scattered matrix S of Eq. (2), with the result that

field V are given in the usual way by -s, + 8121

I - (tE 11
2
) + (,E 2j

2), V= 811 + s12(

Q = (IE,12) - (JE2 j2 , V0[ (7)

U - 2Re((EEz*)),

V = 2 Im((EiE2*)) (4) This is a pure p-polarized scattered state that has, on sub-
stitution of Eqs. (5), intensity (I ft, I). The quantity

and those of the incident field are analogously defined in (I fl1 2) is indeed the scattering cross section for p polar-
terms of El and E2,. Because the matrix of Eq. (1) is ization, as is to be expected. If we now apply an s-polar-
diagonal, the Stokes matrix S contains only four unique ized state V, to the matrix S. we readily obtain the
elements, each of which appears in two places. These ma- scattered polarization state as
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[ - s12 1 independent speckle patterns leads to a surface with

(311 - 812) nearly Gaussian height statistics; further, the Gaussian
V 0 j* (8) beam of the laser produces a height correlation function of

f Gaussian form. Following previous research" the opti-
v J cal exposing geometry was such that the speckle patterns,

Noting that sjl - S1= (I f221) from Eqs. (5), we conclude and therefore the surface that was made, had a correlation
that the scattered field is a pure s-polarized state of inten- length of nearly 5 mm in one direction and a few microm-
sity equal to the s crass section, which is again expected. eters in the orthogonal direction. The surface should
Hence, with these two incident fields, the p and s cross then be an excellent approximation to a one-dimensional
sections or, equivalently, the matrix elements all and SU,, surface.
may be determined. However, the elements s3 and su do After fabrication the surface was coated with a layer of
not appear in the scattered states, so it may be concluded gold with the use of vacuum vapor deposition techniques.
that these elements may not be measured with either of The surface profile was then measured with a Talystep
these incident states. surface profilometer with a chisel-shaped diamond stylus

On the other hand, if the +45o state V. is applied to the with 2.0 jsm x 0.4 Mm dimensions of the contacting face;
Stokes matrix S, the scattered field has the polarization the 0.4-Mm dimension was oriented along the scanning di-
state rection so as to provide adequate resolution of the surface

profile. Eight scans of the surface profile were taken
8111 from statistically independent parts of the rough surface;
S12 the data from each scan consisted of 8192 height values

V 8 . (9) taken at 0.2-Mm intervals along the surface. Direct
-34 [statistical analysis of the data determined the standard

deviation of the surface heights to be 1.95 Am and the
Hence we have now brought s3 and s4 into the scattered correlation function to be an excellent approximation to a
Stokes vector, although they are in the lower two posi- Gaussian with l/e width 3.57 Mm. The histogram of sur-
tions. Similarly, if the right-circular state VR is incident, face heights also provided a close fit of the desired Gaus-
it is readily shown that the scattered polarization state is sian form (coefficient of skewness, 0.062; kurtosis, 2.79).

The scattering properties of this surface were studied
S1" ,with the instrument shown in Fig. 2. The source was a

12 Jodon HN-20 He-Ne laser of 1.152-Mm wavelength. A se-
V = 1• (10) ries of mirrors sent the vertically polarized laser beam

over a detector and through a half-wave plate. The beam
83 was then reflected from a final mirror, passed through a

and again s3 and su have been brought into the scattered polarizer, and was incident upon the rough surface. The
polarization state in the lower two positions. It is well half-wave plate enabled the incident polarization to be ori-

known that, with suitable polarization components at the ented as desired; the polarizer that followed removed any

detector, any desired element of the scattered Stokes vec. residual ellipticity of the polarization state. The incident

ton may be determined from two intensity measure. beam was slightly divergent so as to illuminate a 20-mm-

ments.' Thus, by using V. or Vn as the incident wave, diameter area on the surface.
we find that the four Stokes vector elements are indeed An arm was mounted upon a computer-controlled rota-
the unique Stokes matrix elements, and we then conclude tion stage (Newport Model 495 stage with Model 855 con-
that the scattered field has enough information to deter- troller) whose rotation axis was coincident with themine the entire Stokes matrixs sample. A photoconducting InSb detector was mounted

At this point it is clear that there are a number ofPossi- upon the arm 1 m away from the sample and made mea-
ble experimental procedures that could be used to deter- surements of the scattered intensity at all scattering

mine the Stokes matrix elements. This situation is
desirable, as it permits the experimentalist to choose the Detector MeW Lens

set of measurement. believed to produce the most accu- M M
rate results. The procedures used here are discussed in q samoe

Section 3. P W

3. EXPERIMENTAL PROCEDURE
Experiments have been carried out to measure the Stokes
matrix elements of a one-dimensional random surface
that produces enhanced backscattering. This surface
was fabricated as follows. First, a 50 mm x 50 mm glass Detect• r Arm Rouon Sae
plate was spin coated with three layers of Shipley 1375 Fig. 2. Scattering instrument used in the measurements of
photoresist. The prepared plate was exposed to eight rough surface scattering. The incident beam in brought over the
statistically independent laser speckle patterns from a detector and, after orientation of its polarization direction, is in-
He-Cd lasr operating at 0.442 Am and then was devel- cident upon the rough surface. The detector arm may be moved

H- aroa d i d d in out of the plane of the figure to measure the intensity at all scat-
oped in Shipley 355 developer. As has been discussed in tering angles. M denotes a mirror, P denotes a linear polarizer,
more detail elsewhere,",7 " exposure to a large number of and W denotes a half-wave plate.
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angles. The laser beam was modulated by a mechanical approximately one dimensional. A significant amount of
chopper, and the detector signal was processed by an the scattered power deviates from the plane of incidence
Ithaco 3981 lock-in amplifier. A polarizer was mounted and falls outside the detector's field lens, so that data
in front of the detector and, for reasons noted below, pro- cannot be normalized from first principles. This may be
visions were made for mounting a quarter-wave plate in traced to a small amount of residual isotropic roughness
front of the polarizer. Immediately in front of the detec- in addition to the desired one-dimensional roughness; we
tor, a field lens of 24.0-mm diameter imaged the rough believe that it arises from scattering within the photore-
surface onto the detector element. sist during surface fabrication. However, to our knowl-

Instead of using the incident statesV. orVRto measure edge this problem has been present in all earlier
the Stokes matrix elements sil and s12 , we used a method experiments, and we also have not been able to circum-
to conform to previous research.1"3 That is, we deter- vent it.
mined the p cross section by using a p incident state, ad-
justing the detector polarizer in a collinear direction, and 4. EXPERIMENTAL RESULTS AND
determining the scattered intensity at the detector. Af- DISCUSSION
ter measuring the s cross section in an analogous fashion, The s- and p-scattering cross sections for normal inci-
we computed the matrix elements s•l and s12 from Eqs. (5). dence are shown in Fig. 3. It can be seen that these crossA +450 incident state V. was then employed to determinethe matrix elements s• and s•. The V. state produces sections are similar and exhibit strong backscattering
the scattered state of Eq. (9), and the third and fourth peaks with significant secondary maxima. There are
tokescaettered esentse o f ouq.(),and the athird-ndfouprc- subtle differences between the two curves; perhaps most
Stokes vector elements were found by a well-known proce- apparent is that the s cross section falls more sharply in
dure.iS' That is, we found the third element by measuring the range 700 < 0, < 90"; this has been seen in previous
the intensity with the detector polarizer set at +45* (cross therinte 7 -3 < 4 shis hasureents mn with
polarized) and then subtracting the intensity measured at experiments.c n Figure 4 shows measurements made with
a -45* setting (copolarized) to obtain s3. We found the the +450 incident state V÷. The scattered intensity
fourth Stokes vector element by recording the intensity resolved with the detector polarizer at +450 contains
measured with a detector sensitive to right-circular polar-
ization and subtracting that measured with a detector 0.8

sensitive to left-circular polarization. In this procedure a
quarter-wave plate was mounted in front of the detector 0. - S
polarizer. It was oriented so that the fast and slow axes 0.6
were suitably positioned at 450 with respect to the detec-
tor polarizer in the right-handed configuration; the left- 0.4
handed measurement was then taken after the wave plate
had been rotated by 90W.

The measurements used to determine the last Stokes 0.2 ..
vector element are difficult ones, and several errors could 0.
occur. Errors may arise from a small degree of ellipticity
of the incident state, retardation errors of the wave 0
plate itself, and misadjustments of the relative angular po- -90 -60 -30 0 30 60 90
sitions of the wave plate and detector polarizer. Consid-
erable care has made these errors inconsequential, so 6s
that data shown have not been corrected in any manner. Fig. 3. Scattering cross sections for the one-dimensional surface
Laser power was also monitored during measurement pro- for normally incident s- and p-polarization states.

cedures, although fluctuations were less than 1% and
were thus insignificant. 0.8

Another concern in this experiment is the normaliza-
tion of the data, for correct relative normalization is cru- - +450
cial in taking differences of data as is required for Stokes 0.6 -450

matrix elements. Data should ideally be normalized in
the sense of a differential scattering cross section, so that
the integral of the cross section over planar angle is equal 0.4
to the fraction of incident power that has been scattered.
Correct normalization of experimental data is quite diffi- 0.2
cult; to our knowledge, all previous measurements have, in
an ad hoc fashion, simply normalized the scattering curve
to unit area.' 3 We have done precisely this to the s cross a
section, though all subsequent data have been measured -90 -60 -30 0 30 60 90
correctly with respect to the height of the s cross section. 9S -4
For example, as will be discussed in Section 4, the p cross
section has been found to correspond to a lower total scat- Fig. 4. Scattering cross sections for the one-dimensional surface

tered power. illuminated with a normally incident wave with +45' polariza-
tion. The solid curve is the scattered intensity passed by a polar-

The difficulties with normalization are rooted in izer at +450 (cross polarized with respect to the source), and the
a deeper problem. The surfaces fabricated are only dashed curve is that found with a polarizer at -45 (copolarized).
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0.8- has been suggested that enhanced backscattering, as well
as most of the depolarization, arises from multiple scat-

- RC tering among light paths occurring within surface val-
08 LO leys." As shown in Fig. 7, consider a single valley in

.LC the surface illuminated with an incident wave in the V.
state. If the surface is a perfect conductor and a locally

0.4 planar surface model is used, the intermediate wave sent
to the other side of the valley will have the polarization

0.2 shown so as to make the total electric field along the sur-
............................ . -face zero. When this is scattered at point 2, for similar

reasons the light escaping from the surface will then re-
0 •main polarized in the +45* direction. This path and
-90 -60 -30 0 30 60 90 its time-reversed partner are believed to give rise to

beckscattering enhancement ""a so that, as was seen in
as --4 Fig. 4, the enhancement should reside largely in the inten-

Fig. & Scattering cross sections for the one-dimensional surface sity polarized at +45'. Results of other experiments have
illuminated with a normally incident wave with +45' polari. shown that enhanced backscattering may be completely
zation. The solid curve is the intensity in the scattered field isolated from ordinary scattering behavior by using pre-
measured with a detector sensitive to right-circular (RC) polar-
ization, and the dashed curve is that found with a detector sensi- cisely these polarization conditions." On the other hand,
tive to left-circular (LC) polarization. measurements of the scattered intensity polarized at

-45' should have contributions from single scattering
from regions with weaker slopes and so should not have a

0.75- significant backecattering structure. It is remarkable,
however, that this measurement has the depressed levels

0.50 surrounding e. = 0 seen in Fig. 4.It is also possible to interpret the scattering of V. to

right-elliptical states (on average) as implied by the pre-
0.25 dominantly negative values of s34. If one uses a model asS233 in Fig. 7 and assumes that the metal is not a perfect con-

SL12 , ductor, the doubly scattered ray will be elliptically polar-
0.00. ized because of the complex a and p reflectivities of the0.00 .... . . .......

. ... . .. metal. To determine the role of these reflectivities, we
"" S K " , have sent the V, stateinto a pair of 50 mm x 50 mm goid

-0.25 nmirrors that, in analogy to Fig. 7, made a 90' angle with
-90 -60 -30 0 30 60 90 respect to each other and sent the beam back toward the

Os - source. The measured Stokes vector of the reflected
Fig. 6. The four unique elements of the Stokes matrix su, sn, beam was that of a right-elliptical state with major axis
*&, and 834 for the one-dimensional surface at normal inci- nearly along the +45* direction, in a manner qualitatively
deoce. They are plotted as a function of the scattering angle S. similar to the polarization states present in the backscat-
with respect to the surface normal. tering region of the random surface. It is also interesting

to note that, in the experiment with the pair of mirrors,
an unusually strong backscattering structure. It is the exiting polarization state is strongly dependent on the
equally notable that the measurement with the detector complex refractive index of the mirror; this behavior sug-
polarizer at -45' has a significantly suppressed backscat- gests that s3 and as may be significantly dependent on
tering region, with a small peak present at 0, = 0°. the metal of the rough surface.
Figure 5 shows data taken with the detector in right-
circular- and left-circular-sensitive configurations.
There is a backscattering structure present in both mea-
surements, though there is a strong bias of the scattered
field toward right-circular polarization, at least for scat-
tering angles less than 600.

Taking appropriate sums and differences of the mea-
surements of Figs. 3-5 as discussed in Section 3, we ob-
tain the full set of Stokes matrix elements as shown in
Fig. 6. Clearly au is significant, but, because the p and s
cross sections are similar for this surface, 81 remains
quite small. The element sm takes on the unusual form of
having a large positive backscattering structure and
significant negative values for 0, > 23°. In addition,
vs, is mostly negative and also has a significant backscat-
tering region.

There is a physical interpretation of the new informa- Fig. 7. Multiple scattering of the +45' incident polarization
tion implicit in the matrix elements 833 and 834. It state V. within a valley of the random surface.



18

K. A. O'Donnell and M. E. Knotts Vol. 8, No. 7/July 1991/J Opt- Soc. Am A 1131

0.60 fited from this situation. However, as we have pointed
out here, only one half of the relevant scattering problem

Sil ,has been addressed in previous research; that is, impor-
tant information has been neglected in calculations, and

0.30 previous experiments have not made all significant mea-
surements. It is then only reasonable that future corn-

* ,parisons between theory and experiment should be based
0.0 1 ...... .. ... on the four unique Stokes matrix elements of the one-

.. ', *. . / dimensional surface.
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We study theoretically the Stokes matrix of a perfectly conducting, one-dimensional rough surface that is illu-
minated by a polarized light beam of finite width whose plane of incidence is perpendicular to the grooves of the
surface. An exact expression for the scattered field derived from Green's second integral theorem is used to
compute the angular distribution of the Stokes matrix that has eight nonzero elements. four of which are
unique. Results are presented for the numerical calculation of each matrix element averaged over an ensemble
of surface profiles that are realizations of a stationary. Gaussian stochastic process. All four unique matrix
elements are significant, with the diagonal elements displaying enhanced backscattering and the off-diagonal
elements having complicated angular dependences including structures in the retroreflection direction. With
the use of a single source function evaluated through the iteration of the surface integral equation obtained
from the extinction theorem for the p-polarized field, we derive an approximate expression for the Stokes ma-
trix that indicates that multiple scattering plays an important role in the polarized scattering from a perfectly
conducting rough surface that displays enhanced backscattering. The numerical calculation of each of the con-
tributions to the Stokes matrix, taking into account single-, double-, and triple-scattering processes. enables us
to assign the main features of the Stokes matrix to particular multiple-scattering processes. Experimental
measurements of the matrix elements are presented for a one-dimensional Gaussian surface fabricated in gold-
coated photoresist. The results are found to be reasonably consistent with the theory, although we suggest that
differences in one matrix element may be due to the finite conductivity of the experimental surface.

1. INTRODUCTION ing rough surface. Exact expressions for the p- and the
s-polarized scattering amplitudes, derived from Green's

The manifestations of multiple scattering have aroused second integral theorem are used to obtain the matrix, and
much interest in recent theoretical and experimental its four unique elements are averaged over an ensemble
studies of the scattering of light from randomly rough sur- of surface profiles that are realizations of a stationary,
faces. Enhanced backscattering has been observed in Gaussian stochastic process. Each Stokes matrix ele-
scattering from one- and two-dimensional surfaces when ment is found to be significant for surface parameters
the height fluctuations are of the order of a wavelength that lead to enhanced backscattering. A method based on
and strong surface slopes are present." 6  Theoretical evi- the iteration of the Kirchhoff term""'6 in the surface inte-
dence that strongly suggests that the observed enhanced gral equation satisfied by the source functions of the scat-
backscattering is intimately connected to multiple scat- tered field is used to determine the role of multiple
tering has been presented.7-iO For one-dimensional sur- scattering in the elements of the Stokes matrix. Experi-
faces, numerical calculations have provided reasonable mental measurements of the matrix elements are pre-
predictions for the angular dependence of the diffuse sented for a one-dimensional Gaussian surface fabricated
intensities scattered from a perfectly conducting""i or in gold. For the incident wavelength employed (A =
penetrable-""1' rough surface. A common feature of the 3.392 gim), the scattering behavior is found to be compa-
theoretical studies of scattering from one-dimensional rable to that of a perfect conductor.
surfaces is that the incident electric field has been chosen
to be linearly polarized either parallel or perpendicular to
the grooves of the surface (s or p polarized, respectively) 2. SCATTERING OF POLARIZED LIGHT
and, consequently, that the scattered field has the same FROM A PERFECTLY CONDUCTING,
polarization as the incident field. Although these are
important cases, it has been shown6 that the p- and the
s-polarized diffuse intensities are effectively only two of a In this section we derive exact expressions for the ele-
total of four unique quantities arising in the Stokes ma- ments of the Stokes matrix of a perfectly conducting. one-
trix of a one-dimensional rough surface. Measurements dimensional rough surface that is illuminated by a beam
that showed that all four quantities are significant for a of finite width. Consider the situation shown in Fig. 1. in
one-dimensional rough surface producing backscattering which a perfectly conducting half space x, < 4 i x1 I is
enhancement were reported.6  separated from the vacuum above it by a randomly rough

In the present paper we theoretically investigate the surface of equation x; = 4(xi). The surface profile func-
Stokes matrix of a one-dimensional, perfectly conduct- tion ixi) is assumed to be a single-valued stochastic pro-

0740-3232 92 040585-12$0500 Z 1992 Optical Society of America
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"" X3 p-polarized electric field each have a single component
% % s s.. along i 2 , and this component is the product of the scalar

_es field 6(x, xo'o),,c with the incident amplitude E, or E,.
)- - For the one-dimensional problem of interest here, both the

S60incident beam and the surface-profile function are inde-
ýp(e°~c . pendent ofx2. The boundary condition on the total elec-

"" ep(os tric field at the surface then separates into two boundary
- - l conditions, one of them containing only the p-polarizedX field and the other containing only the s-polarized field.
2 X3=t(X ) Consequently, a p- (s-) polarized incident field is scattered

only into a p- (s-) polarized field. The one-dimensional
Fig. I.. Geometry of scattering by a one-dimensional rough str- scattering of a p-polarized incident beam then reduces to
face. k,, = sin 8,4, - cos O8i3, and k. = sin 8,iI + cos 8,4 3 . the scattering of a scalar field satisfying a Neumann

boundary condition at the rough surface. Similarly, the
cess having derivatives of arbitrary order and whose scattering of an s-polarized beam of light reduces to the
ensemble average (ý(xi)) vanishes. Further, the surface scattering of a scalar field with a Dirichlet boundary con-
profile is assumed to be one dimensional in the sense that dition at the surface. Exact expressions derived from

Sis independent of x 2. Green's second integral theorem may then be used to cal-
A polarized light beam whose plane of incidence is the culate the scattered fields numerically; these methods

plane xIx 3 perpendicular to the grooves of the surface illu- have been well addressed elsewhere.7 The p- and the
minates the perfect conductor from the vacuum side. s-polarized scattering amplitudes r,(&,.) and r,i6O, may be
Such a beam may be expressed by a Gaussian angular obtained as solutions to the scattering of the incident field
spectrum of incident plane waves whose wave vectors all of Eq. (5) for the Neumann and the Dirichlet boundary
lie in the plane of incidei.'e. The incident electric field conditions, respectively. These scattering amplitudes de-
amplitude may be written as termine an exact expression for the scattered electric field

I,3 n I'w f2 &98in the far-field region x 3 -- * as
ET\w, ' - 2 8,)2]dO exp[-(w 2w 2/4c 2)(6 - 0)2]

-C = - dO
x [Ep&p(8),0. + Ej6(0),.c]exp[i(w/c)(x 1 sin 6 - x3 cos R)],

x [Eprp(O,)6(O,X.) + Er,(6,)4,(OK:
w r01 < 2, (1) x exp[i(w/c) (x; sin 8, + x3 cos 0,)J. (6)

wherewhere

•,0)•= i 2 , 7
68(0)c= t 2 , (2)

= il cos 0, - i 3 sin 0,. (8)
60,= cs - C sin 0, (3) The unit vector 6,( [0,(,).] defines the direction of

c is the speed of light, and the time dependency exp(-iwt) the electric-field vector of a p- (s-) polarized plane wave
is omitted. Equation (1) is an exact solution of Maxwell's scattered in the direction (sin 0,iI + cos 8,i 3).
equations in vacuum that, in the limit of ww/2c >> 1, de- It is convenient to define the polarization states in
scribe a Gaussian beam propagating in the direction terms of directly measurable quantities. We thus need to
(iI sin 6o - i., cos 8o) with transverse width 2w at the co- compute the power present in the projection of the inci-
ordinate origin. The unit vector 4,(6),, [6,(0),,] is in the dent and the scattered fields on polarization states that
direction of the electric field of a p- (s-) polarized plane are linear combinations of the p- and the s-polarized
wave with unit wave vector (ii sin 0 - 13 cos 0). The states described by Eqs. (2) and (3) and Eqs. (7) and t8),
complex amplitudes E, and E, determine the incident po- respectively. A useful description of polarized light in
larization state. terms of these powers is that of Stokes vectors."x The fol-

It follows from Maxwell's equations that Eq. (1) may also lowing pairs of orthonormal vectors, defined here in the
be written in the form usual way,"6 are needed to compute the Stokes vectors,

These pairs of unit vectors determine the linearly polar-E~xx, 3]w)= icy
E(xi, X3  -' V X [Ed(Xl, X31 0),.4X2] ized states at ±45°, as well as the right (R) and the left (L)

(a circularly polarized states, and may be expressed as

+ E,(xi, X31icj)c,0 2, (4) 1

with %V2

= I d6 exp[-(w,2 w 2/4c 2)(0 - 0o)2] - (10)

x expli(w/c) (xi sin 0 - x3 cos 6)], (5) ap = (- i6,), (4)

where the p- and the s-polarized contributions to the inci-

dent electric field are clearly separated. The s-polarized = 1
ele c fd -d (e m i 1d s(12)electric field and the magnetic field associated with the v 2
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where i, a = p, s, +, -, R, or L. must be replaced by cients as
(o)n,, in the case of the incident field and by 8,{(.),, in

the case of the scattered field. The identities •,,' + aR, + •R"
iso' = Y [(a,) 0= (p,s),(+,-)or(R,L)], where6,,6,*de- wo. M,
notes a dyadic product and 1 is the unit dvadic. indicate aR, aR,
that an electric field may be completely decomposed into i0. ae,
projections on i•,,,&, in the following manner: the pro- =R. -E,:2 +E (191
jection of a field Eix 1. X3 'W) on 6, (y = a or 3) is E,(x,. R - - -
X3 : W) = [i**- E(xtxj } xui)1,, and E(xt,x3v ) = E.(x,, 08, 30,
x3j t) + EI(x ,x3:'w). 6RR aRt

The elements of the Stokes vector V = (I, Q, U, V) may 08, ao,
be expressed as'9

At this point a matrix s(8,) relating the incident Stokes
I = P1 + P, =P. -+ P- = PR + PL, (13) vector of Eq. (17) and the vector of Eq. 118) through the

Q = PP - P, (14) equation

U = P. - P_ (15) v(8,),J = s(OV- (20,

V = PR - PL, (16) may be calculated by using the fact that the incident am-
plitudes E, and E. are arbitrary complex constant6. We

where, in the case of the incident field, P. is the total power find that this matrix has the form
incident upon the surface that is in the projection of the
incident field E.(x,,x 31W •).. To obtain this total incident rsi(O,) s•IA,) 0 0
power we integrate the magnitudes of the third component s( ,s0) s8(O,) 0 0 2
of the time-averaged Poynting vector ofE.(xl, x3a )ý on a 0 0 s3 (,) S-34(8. 11

portion of the plane x3 = 0 that is such that 0 < x2 < L 2 , L0 0 -s 34 (0,) s31.)
where L2 is an arbitrary length. The Stokes vector V,, of
the incident field becomes where

I'M I[E•[
2 + IE,'•12  si(0,) = C[r,(O,)J + !r,(9,) '1], 122)Q,,,,~ ~ _ E, 2 - Eý [ 2 0) j

UQ ?. 2 c Ne(EpE,*) (17) s, 2 (01) Cf r.(O) 2 
- r-(6j 23 23)

Lin 2 1ym(EpE,*)J s33(0,) = C{2Ne r,(Jr,*(O,)), 1241
s3,(O,) = C{-2•m[r•(O,)r,*(O,)]}. ,25i

where Am =_ L 2cw/[8(21r) 1
2

1 when tow/2c >> 1, as is dis-

cussed in Section 3. C =,c' 126)
The quantities P. of interest in the calculation of the 32(2r)2 wz=

Stokes vector of the scattered field of Eq. (6) are the dif-
ferential powers per unit planar angle Po(O,)•. arising from For each realization of the surface-profile function Z• x,)
the projection of the plane wave scattered at an angle 0, there is a corresponding realization of the vector vi. ),
on the polarization states 0(0,); P(O(,),c is obtained by in- and of the matrix s(0,). In this study of diffuse scattering
tegrating the third component of the time-averaged Poynt- we consider the average of the vector v, k, over the
ing vectors of this projection in the domain 0 < x2 < L 2 of ensemble of realizations of the surface-profile function
a plane in the far-field region that is parallel to the plane VA). = (v(O,).), 127)
X3 = 0. The vector v(8,c), calculated from the scattered
field through Eqs. (6) and (13)-(16), for a single realization which is the scattered Stokes vector. The matrix sfHi
of the rough surface, is then given by averaged over the ensemble of realizations of the surface-

- Ir,(O,)EJI2 + Ir.(O6)E,12 1 profile function

v(. ). = L2  Jr,(O,)E,12 - Ir,(O.)E. 2  (18) S(0 5) = (s6,}) 12s
6472w 2 m~r,(o,}E~r,*()E,*1 is the matrix enabling us to compute the scattered Stokes2m[r,(6.)Epr,*(JEJ vector for any given incident polarization state accord-

With the use of the definitions fEqs. (13)-(16)] of the ing to

elements of this vector, we may reintroduce directly mea- V(o,). = S(OJ,)V,.c; (29)
surable quantities in the following way. The total flux of
the Poynting vectors P,(8,)• is a measure of the power per for this reason S(0, is called the Stokes matrix-" of the
unit angle transmitted through a filter passing the field rough surface.
in the polarization state {,),¢. This power may then be The Stokes matrix contains contributions from the co-
normalized by the total incident power P(CEJ" + 1EI') herent and the incoherent parts of the random scattered
to obtain the differential reflection coefficients' aR 0 /8o., amplitudes (r.(O,)) and Ar,r0,) = r,(j.) - ýr..( 8). respec-
which are the observable quantities. The vector v(0,).c tively. The substitution of this decomposition of the
may then be related to the differential reflection coeffi- scattering amplitudes rWOj,) into the expression for the
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0.1 , .,,, r,(O,) were calculated as a function of the scattering angle

S S(s) by the method described in Section 2. The incident beam
0.8 iiS15used in the computat ion may be obtained from Eqs. - 41 and

0.05 (5) through an approximate integration valid in the limit
ww/2c >> 1. The incident-scalar field of Eq (5) may be

a.4 approximated by "1

0 ¢(X31 W), exp{i(w/c) (xi sin go - x1 cos Oo)

x [1 + W(x 1,x3 )]}

0 ,0. x exp[-(xl cos Oo + x, sin 0,) 2/u<J. i31)
•90 -60 -30 0 30 60 90 -SO .60 .30 0 30 60 90

es es where

, •3220.1 S3(5 ~x~ 3  i42 [-~xi cos 60 + xsin 00 32

This analytic expression is simpler to evaluate Iumeri-
[ cally and is sufficiently accurate. The Stokes vector of

S0.1 'the incident beam of Eqs. (4) and (31) is given by Eq. t17,
where, for this approximation, , is given by

-0, 3 -0.2 , ... . . . . . WC.90 .60 .30 0 30 60 90 -90o-60-30 0 30 60 90 2, = 2 1 2(1 + 2[tan1R,] 133)

0. e0s W2r) 22

Fig. 2. The four unique elements of the Stokes matrix, SL,(O,), The 1/e half-width of the illuminated portion of the sur-

S 12{o,. StA8.1. and S34(0, . for a one-dimensional, perfectly con- face is denoted byg, and it is related to the l!e half-width
ducting rough surface at normal incidence. 6/4 = 0.6, L/g = 4, w of the incoming beam by g = w cos 0o. NJ independent
a/A = 3, glA = 20; N, = 600, Np = 4000. realizations of the surface profile were used to obtain esti-

mates of the elements of the Stokes matrix. Each ele-
Stokes matrix [Eq. (28)] leads to ment of the matrix of Eq. (21) was arithmetically averaged

over this finite ensemble. For the parameters discussed
SW) = S(OJC•h + S(0),ncoh, (30) below, it was found that the coherent part of the Stokes

where the contributions to the Stokes matrix that are due matrix elements was negligible. All the results presented
are for S(0,),m, which.was indistinguishable from S&0. I.

to scatteri~andg. am pptear in eserates therms.Theu hence we refer to all the results simply as Stokes matrix
mean scattering amplitude (r,,(,)) describes the specular elements.

part of the scattered field. and the matrix S(0,ho,, which

is obtained by replacing r,(0,) by the mean scattered am- 0.1
plitude in Eq. (21). is then the specular or the coherent
part of the Stokes matrix. The matrix S(0,),,,oh, calcu- o.1 "0 4(1,) S, PO)

lated from Eq. (28) by using the fluctuating part of the 0.05

scattering amplitude instead of the full amplitude, is the
incoherent part of the Stokes matrix. Finally, the differ-
ential reflection coefficient aR,/30, averaged over the 0.4
ensemble of realizations of the surface profile may be cal-
culated by replacing v(8,), by the scattered Stokes vector
in Eq. 419). The quantity obtained is the differential scat- 0 .-. _..._. 05L -

tered power per unit planar angle 0, I.(8,) that is due to -90 -50 -30 0 30 60 90 .90 .60 .30 0 30 60 90

the projection of the scattered field on the polarization 6,
state i., normalized by the incident power and averaged ....
over the ensemble of realizations of the surface profile. 0A 0S 6)S 3.
The experimental procedure to measure the cross section 533(8,)

J,(e, is described in Section 5.

3. NUMERICAL RESULTS 0 o

The Stokes matrix has been calculated for a surface-
profile function assumed to be a stationary, Gauss-
ian stochastic process characterized by the properties -0.3 - .0.2 ..

(;(xi)) = 0 and (;(x 1 );(x 1 )) = 82 exp[-(xi - xi')2 / 21, .'0 -60 .30 0 30 60 90 -to -60 .30 0 30 60 90

where 6' is the variance of ((xl) and a is the transverse 0, 61
correlation length of the surface. Each realization of the Fig. 3. The four unique elements of the Stokes matrix So.f.

surface profile ;(xi) was computed at N, = 600 equally S,2 (0,), S33(o), and S.14(0,) for the same parameters as in Fig 2

spaced abscissas, and the scattering amplitudes r,(O,) and but with t9o = 10'.
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S0.1 The four unique matrix elements of Si(fj calculated in

0. SI,(S) S, (1) the case a = A are shown in Figs. 4 and 5 for normal in-
cidence and 8o = 100, respectively. Enhanced backscat-

0.05 tering is clearly observed in the two diagonal elements
for both angles of incidence. The width of this peak at

0.4 its base is approximately three times larger in the case
0 a/A = I than in the case a/A = 3, as would be expected

from the multiple-scattering interpretation of this ef-
fect."•' 3 ' It is again found that the off-diagonal elements

0 .0.05 .. . . . of the Stokes matrix are smaller than the diagonal ele-
•90 .60 -30 0 30 60 10 -. 0 -60 -30 0 30 60 10 ments. The element S 12(0,) has a peak in the retroreflec-

0, , tion direction for both angles of incidence. The element
"'"'" ' S34(01) is positive at all the scattering angles, and the

0.3 S 3(0,) 0.1 s3(0) form of the curve is significantly different from the case
a/A = 3.

0

0 .. 0. 4. DISCUSSION
• 0.1 For any incident polarization state, the Stokes matrix de-

termines the Stokes vector of the light scattered from the
surface and may thus determine the intensity passed by

•0. '' -0.2 an arbitrary polarization component. One illustrative ex-
-90 .60 -30 0 30 60 90 .90 .60 .30 0 30 60 90 ample of this property follows. Consider an incident

beam in a linear polarization state at +45Y. such that
Fig. 4. The four unique elements of the Stokes matrix, S11(8,), (E5,E,) = (1/V-2)(1,1) in Eq. (4). The scattered Stokes
S13(o,), S3(8,), and S4(0,), for a one-dimensional, perfectly con- vector obtained from Eq. (29) is
ducting rough surface at normal incidence. 3/a = 0.6, L/g = 4,
a= A,gA= 20.N .= =64000. F 40

The ratio B/a was 0.6, and thus the standard deviation of S 12(,) I
the surface slope (;'2(x1 ))12 = V2 8/a was 0.8485. The "'0 t34)

length L of the surface was such that L/g = 4, and the L
illuminated width g was such that g/A = 20. The angle of Substituting V(-, into Eq. (19), we may express the power
incidence 80 is measured counterclockwise from i 3, and passed by a linear polarizer at ±45' in terms of the Stokes
the scattering angle 0, is measured clockwise from 13; masse lints as
all the angles in the figures are in degrees. The total
scattered power always matched the incident power to 1-(9.) = (1/2)[S 1 ,)(0j $S3,(l0J. (35)
within 0.5%. Averages were obtained over N, = 4000 sur-
face profiles. -. 1

In Fig. 2 we show the Stokes matrix elements Si1(a,), 0. S IOP) S 2(
S 12 A0), S 33 (6), and S 3 4(0,) calculated for the case 8o = 00
and a/A = 3. First, strong peaks at 0, = 0° are observed 0.05
in the angular distribution of S,1 (0,), and Sn(O,). The en-
hanced backscattering peak observed in S1(1,), as well as 0.4
the secondary maxima on both sides of the peak, is re- 0
lated through Eq. (19) to that found in previous studies' of
the s- and the p-polarized differential reflection coeffi-
cients for surfaces with comparable parameters. The .0s
peak and the secondary maxima observed in the angular -90 -50 -30 0 30 60 50 .90 -60 -30 0 30 G0 g0

distribution of S 33(60) are similar to those observed in
Si(8,). The off-diagonal elements of the Stokes matrix
are smaller than the diagonal elements, but they have 0.•3 •(,) . ,
clearly risen out of the statistical noise. The element '"' ,'
S 12(0,) displays a peak at 0, = 0°, while S 3 4(0,) has a mini- 0
mum at this angle. In Fig. 3 we present results with the 0
same parameters as in Fig. 2 but with 0o = 100. The an-
gular distributions of the diagonal elements of the Stokes
matrix display a peak in the retroreflection direction 0, =
-80. The amplitudes of these peaks relative to the mag- .. . .... . ___..............

nitude of the background at 0, near -9o is smaller than at .90 .60 .30 0 30 60 90 -90 .60 .30 0 30 60 90
normal incidence. A broad structure near the retrore- 9, 0
flection direction is observed in the off-diagonal elements. Fig. 5. The four unique elements of the Stokes matrix. S:.m 1.
and other extrema, located near an angle at which the di- S 12(8.), S 33(8,). and S 34 (0,), for the same parameters as in Fig. 4
agonal elements have a maximum, are also observed, but with 80 = 100.
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polarization state is left handed and elliptical at all scat-
0.6 0-6 tering angles. In the case a/A = 3, the light is also prefer-

l • 1entially p polarized at high scattering angles and around
the retroreflection direction, although over a larger range

0.4 0.4
04.4of scattering angles than in the case a = A. Figures 2

and 3 also show that the handedness of the elliptically po-
0.2 0.2 larized scattered light changes in this case: it is left

handed at high scattering angles and right handed at scat-
tering angles close to the retroreflection direction.

0 0.To clarify the origin of these features we carried out
-90 -60 -30 0 30 60 90 -90 -6o -30 0 30 60 90 calculations displaying the effect of multiple scattering on

Is 0S the matrix of Eq. (21). Methods based on the iteration of
Fig. 6. Scattered powers 1.4(.) and 1_(6) for a +45' linearly po- the Kirchhoff term in the integral equation of the second
larized field incident at normal incidence upon a one-dimensional, kind satisfied by the source functions of the scattered field
perfectly conducting rough surface. 3/a = 0.6, L/g = 4. a/A = 3, may be used to demonstrate explicitly the role of multiple

scattering. In particular, it may be shown' 73 that the
scattering amplitudes r,(O,) and r-AO,) may be written in

These quantities are shown in Fig. 6 as calculated from the form of the series
the Stokes matrix elements of Fig. 2. 1.(0,) displays a
strong enhanced backscattering peak with well-defined r,,(O,) = r,,`(0, + r,,') + r,, "(0,) i-.... p.s.

secondary maxima on both sides, while 110,) has a small 13$1
backscattering peak and a strong background. These ob-
servations have a physical interpretation that supports the where r,j"(8,) (n > 0) is the scattering amplitude com-
multiple-scattering interpretation of enhanced backscat- puted from the contribution to the source function calcu-
tering"' as occurring from the coherent interference of the lated through (n - 1} iterations of the surface integral
retroreflected waves arising from pairs of time-reversed equation derived from the extinction theorem for the
multiple-scattering paths. In the geometric optics limit, a-polarized field. The scattering amplitude r,, (0. i arises
a wave linearly polarized at .45' that is once reflected from the Kirchhoff approximation, and the nth term
from the perfectly conducting surface escapes with polar- r,'"(0,) of the series is the contribution to the scattering
ization state -T-45°. Consequently, if we assume that the amplitude ro(O,) that is due to n successive interactions of
correlation of the scattering amplitudes resulting from the field with the rough surface.
multiple-scattering processes of different multiplicities is We show in Appendix A that there is a fundamental re-
negligible, L_(, I is entirely due to scattering processes in lationship between these two series for s and p polariza-
which the incident wave is reflected an odd number of tions. In particular, it is shown that
times, while the 1.(0,) is produced by processes including
even numbers of reflections. Finally, one expects the r," '(Oj = (-1Ur"'(0.). n > 0. 1391
multiple-scattering contributions to I,(G,) to decrease in
magnitude as the number of reflections increases. The so that the two series are composed of the same terms
strong enhanced backscattering present in 1.(0,) is thus with only sign differences in terms of odd order. The ma-
presumably dominated by double-scattering processes, trix elements of Eqs. (22)-(25) may then be calculated in
while the strong background present in -(0,) is due to terms of r,"'(8), only with the results that
single scattering, although the small amount of enhanced
backscattering present in I-(&,) is then due to triple scat- s11(O,) a 2C{Jrp'(Oi 2 + .r5 '2(6,)2 + r,, "
tering. It is also worth noting that the results displayed + 2 1Xe[r5 "(O,)r[•*6,)]}, 440)
in Figs. 2 and 3 are similar to experimental measure-
ments that were reported recently (see Fig. 4 of Ref. 6). 812(8, ) 09r)]

The Stokes vectors of Eq. (34) obtained from the Stokes + 14elr'2(61rp 3'(6.)I1, i441
matrix elements displayed in Figs. 2-5 can also be used to
calculate the mean powers scattered into s-, p-., R-, and s3.(8,) a 2C{-)r5"(O,)2 + r•2'(O, 2 

-

L-polarized states. Equivalently, we may consider the an- - 2 9(efr5
1 (O,)ra3 (6,l]}, •421

gular distributions of S34(0 .) 4C{'Tm[r.'*(O,)rpý2,ýOj]

S 12(8,) = /2[1(,) - 4,(1,)], (36) + Vm[r 2 (9,)r 3*(,j])], (431

S,(6,) -/2 )-R(8)]. (37) where we have truncated series of Eq. (38) to include only

These Stokes matrix elements have complicated angular the first three terms so that the multiple-scattering
dependences, including peaks in the retroreflection direc- processes of multiplicities of at most three have all been
tion and sign changes. In the case a = *., for example, an included.
incident beam in a +450 polarization state preferentially These results provide a direct physical interpretation of
scatters into p-polarized states in the retroreflection di- the exact calculations discussed above. For example. for
rection and at high scattering angles, but at intermediate an incident polarization state at +45', we may again deter-
scattering angles the surface more efficiently scatters mine the power transmitted with a linear polarizer ir the
s-polarized light. For the same ratio a/A, the &cattered scattered field at ±45* from Eqs. (35) and relations 4401
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ý I -, I . tering peak is seen in the pure Kirchhoff approximation
(a) C (d) 2C(.1r,' Wr):'), and most of the enhanced backscatter-

0. 'ting structure in the diagonal Stokes matrix elements
s. (arises from the term 2C( Arj 2 (0,) `, which describes puredouble scattering- There is a small backscattering peak

0 0. in the contributions from the pure triple-scattering pro-

C cesses 2C(Arp3'(0,) -) to the diagonal elements of the
* o 0matrix, as was seen in I_(0,) in Fig. 5. The cross term

4C N.e(.jr;1s(O,)_,' 3,*(0,)) cancels part of the total power

. .. scattered at grazing scattering angles. The real and the
-00 -60 .30 0 30 40 o 90 .60 .30 0 30 60 90 imaginary parts of 4C(.r 0 (O,).rp3 *(0,)) are contribu-

Os tions to the off-diagonal elements that have well-defined
0.12 .. .... 0.12 . . . peaks at 6, = 0*. but these peaks do not arise from the

(b) (0) same origin as the backscattering peaks of the diagonal

elements of the Stokes matrix.0.06 F 0.06 The approximate Stokes matrix elements obtained by
'/ combining these results as described by expressions (40)-

0 a •(' ~(43) are presented in Figs. 7(d)-7(f). Comparing the an-
gular distribution of each cf these elements with the
distribution of the exact matrix element of Fig. 2. we ob-

-0.06 0 .06.... serve that they differ simply by a scaling factor when

•90 .60 -30 0 30 60 90 -90 -60 -30 0 30 60 90 10,* < 70*. Similar calculations performed with narrower
es 8s beams were found to produce a better argeement between

.. .... . . .. the exact and the approximate matrix elements This

0.1 (C) G- behavior presumably results from the fact that the terms
2C.Ar, 2'(0,)i' and 2Ci2r, 3 (•,Y2 are contributions to the
scattered power diverging logarithmically with the sur-

0 . face length."' The inclusion of the contributions to the
' 34(e,) scattering amplitudes that are due to scattering processes

M of higher multiplicities cancels the contributions from
scattering paths that are intercepted by the surface and
restores unitarity. Similarly, the approximate matrix ele-

• 0.2 -go . ............. .90 0.25 ................. 0 9 ments in Figs. 74d-71(f) will vanish at scattering angles
-00 -60 .0 0 3060 00 -00 -60 .20 0 30 60 90 0, close to 90' if all the scattering orders are included in

s $ the calculations. As was suggested in recent studies,"'
Fig. 7. (a)-(c) The eight contributions to the Stokes matrix these multiple-scattering processes can be taken into ac-
elements computed with the single-, the double-, and the triple-
scattering amplitudes for a one-dimensional, perfectly conducting count on avwrage by including an incident and a scattering
rough surface at normal incidence. 61a = 0.6. L/g = 4, a/A = 3, shadowing correction function in the Kirchhoff approxi-
g/A = 20: N, 600.N• = 4000. A, 2C(lAr,''1(0.); mation for the scattered power and a propagation shadow-
B. 2C(Qr;-'1o, `i C. 2C(rArp`(8,)i2 ); D, 4C:e(.rW1O, LrP 3,*jo,)) ing function in the calculation of the iterated source
E, 4C'e(Ar0  10. )Ar-"-(0 )); F, 4C;(e(Ar0 '(O, ).r 0 'a*0, ; functions of Eq. (38). The calculations presented in

Figs. 7(a)-7(d) were repeated with the use of a Gaussian

propagation function exp[-(x, - xl,)2/DJ] only, and the
and (42) as

resulting matrix elements were found to be within 5, of
.(0,) =- 2C{!r,"(0,)j2 + irpa3(O,) the exact calculations for D/a = 8 and 8, < 70'. The sig-

nificance of the propagation shadowing is also supported

+ 2 9le[rp(`"(0,)ra'*(,)]), (44) by the fact hat the ratio of the total scattered power to

L.(0,) a 2Clrp2 ,'(0•)•2 . (45) the incident power is 1.167 in Fig. 7(d), while the inclusion
of shadowing improves this to 1.093.

As was argued above, we observe that -(0,) contains the
contributions that are due to paths including odd numbers
of reflections, while processes containing even numbers of 5. EXPERIMENTAL RESULTS
reflections contribute to I.(0,). The off-diagonal ele- In this section we present experimental results to illus-
ments of the Stokes matrix, however, contain only the trate further the significance of the Stokes matrix ele-
cross terms between scattering amplitudes of scattering ments and to make qualitative comparisons with the
processes of different multiplicities. theoretical predictions of Section 3. Previous measure-

The eight distinct terms contained in expressions (40)- ments with the surface discussed here at a different illu-
(43), calculated from the incoherent part of the scattering mination wavelength have been reported '; however, for
amplitudes and averaged over an ensemble of N, - the wavelength used here the surface corresponds more
4000 surfaces with the same parameters as those used in closely to the perfectly conducting case.
Fig. 2, are shown in Figs. 7(a)-7(c). First, we may con- The discussion of experimental procedures is brief;
clude that the first three terms of Eq. (38) all contribute more detailed descriptions of the apparatus and proce-
significantly to the Stokes matrix. No enhanced backscat- dures are available elsewhere.' Speckle-exposing tech-
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Field Lens have been reported as n 1,958 and k 20 7, respec-

Detector Oepolanzer tively," The infrared wavelength was chosen in part be-
SSampie Cause k is much larger than the values of cormn men ntals

at visible wavelengths and thus ib cioser to the perfectly
P W/ conducting case k - .

Ol P,• The geometry used in the scattering experiment isii shown in Fig 8. An incident beam illuminated a 20-mm-
_ig Sediameter area of the surface, and a photodiode InSb

mounted upon an arm was scanned on an arc of radius
70 cm centered on the surface. The detector had a field
lens of 24.0-mm diameter that served to reduce speckle

Detector -' Rotation noise, and in front of this lens was a quartz depolarizerArm Stage The incident state was prepared in a +45ý linearly po-Figr 8. Scattering instrument used in the measurements of
rough surface scattering The incident beam is brought over the larized state by a titanium dioxide polarizer in the incident
detector by a series of mirrors and, after orientation of the polar- beam with extinction greater than 10- This incident
ization direction, is incident upon the rough surface. The detec- state was convenient because it produced the scattered
tor arm may be moved out of the plane of the figure to measure Stokes vector of Eq. (34) containing all the unique Stokes
the intensity at all the scattering angles. M denotes a mirror, P
denotes a linear polarizer, and W denotes a half-wave plate. matrix elements. The four scattered Stokes parameters

were then measured with well-known procedures ' Spe-
. .1 ,cifically, a polarizer mounted in front of the detection

unit determined the scattered powers passed with the
0.8 (~)S~e transmission axis at 0' (pi, 90' (s, +45' and -45-, and

the first three Stokes parameters were determined from
the appropriate sums and differences of these measure-

0./ ments. A quarter-wave plate was then mounted in front
.4/of the polarizer to produce sensitivity to right- and left-

V circular polarizations; the last Stokes parameter was
found from the difference of these measurements The

0 .... -... . data presented here were corrected only for losses in the
-90 .60 -30 0 3o 60 90 -90 -60 -30 0 30 so0 g quarter-wave plate; careful measurements revealed that

0 e, any other corrections (such as for wave-plate retardation
errors) were unnecessary.

0.3 S3) 0. The four unique Stokes matrix elements are shown in
Fig. 9 for the case of normal incidence. First. the element
Sii(8.) is the total scattered intensity for the +45- incident

,0 state; it clearly exhibits enhanced backscattering for
o angles roughly t20' from the backscattering direction in

-0.1 /' the manner found in Fig. 4. The matrix element S1,;. i Is0.1/ significantly positive in the backscattering region and
S( then reaches a range of negative values; the general ap-

-0.3 -0.2 r pearance as well as the height of maxima and minima is
-90 -60 -30 0 30 60 090 -0 -40 -30 0 30 64 90 also similar to that in Fig. 4. The measurements also

S 0, produce a small but experimentally significant curve for

Fig. 9. Measured values of the four unique elements of the S 12 (O). In fact, the general form of the curve of S..:'. i is
Stokes matrix. S]1(0,), S12(0). S(OJ, and S34 0),i, for the one- strikingly similar to the theoretical results, although the
dimensional surface at normal incidence. scale of the experimental result is somewhat larger. The

experimental result for S34 (,) is negative for small N,
niques22 were employed to fabricate a rough surface and then becomes positive for 18,' greater than approxi-
in photoresist that was approximately one dimensional. mately 17*, which is different from the theoretical result
This surface was then vacuum coated with gold, and sub- Although it is not possible to determine the reason for this
sequent scans with a surface orofilometer revealed that it conclusively, the interpretation of S341•,0 in previous work
had nearly Gaussian statistics with standard deviation is dependent on the complex refractive index of real
1.95 urm and a Gaussian correlation function with I/e metals.' Hence this result for S3,(O,) may be a manifes-
width 3.57 rm.' The scattering properties of this sur- tation of the finite conductivity of gold at this wavelength:
face were studied at the He-Ne laser wavelength A = this is further suggested by the fact that. with the same
3.392/um. We then have 6/a = 0.55 and a = 1.05 A. which surface, the magnitude of S34(O,) was considerably larger
is comparable to the case displayed in Figs. 4 and 5. We for A = 1.152 j.m,6 where the imaginary part of the re-
found that this surface did not produce a specular reflec- fractive index of gold is less than one half of the value
tion; hence the Stokes matrix elements discussed below quoted above."
contain only incoherent contributions, as was found in Sec- It is also apparent that there are secondary maxima in
tion 3. The real and the imaginary parts of the complex the experimental result for Si1 O,) that are not nresent in
refractive index of gold at a nearby wavelength (3.351 grm) the calculations. A related difference is also seen in
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S3A(O,). Secondary maxima may be interpreted in terms Fig. 5. There are still secondary maxima in these matrix
of the fluctuations of multiple-scattering path lengths,'" elements that are strong in the measurements. the theory
although it is not clear whether the differences are due to also shows a hint of secondary maximum to the right of
limitations in the theory or in the experiments, the backscattering peak Again Sy)., j is of a form simi-

Further results are presented in Figs 10 and 11 for 0,, lar to that of the theory but is of larger magnitude, and
100 and 30', respectively. At 0, = 10', there are similari- Sl,(O.) is quite different from the theoretical result
ties in S1(0,)j and SO.,W,) with the theoretical results of Lastly, the results for 8,) = 30' indicate that the amount of

backscattering structure present in S-m:.) and S, H , has
0.1 reduced significantly. but otherwise all four matrix ele-

os S1 1(11) S,2(0) ments have remained significant.
0.05 We also note in passing that, for reasons discus-,ed in

I I more detail in Ref. 6. the data on any, given figure are
0 correctly scaled with respect to each other but that the

0.4 vertical scale of each figure is chosen such that the total

-0.05 power contained in the s-scattering cross section S , -
Sl,{O,) is equal to unity. We may then determine the
relative total powers contained in the p cross -ection

0 .0.1 , Sjie) + S1,0.). which follow from the experimental re-
-90 -60 .30 0 30 60 90 -90 .60 .30 0 30 60 90 suits as 0.991, 0.991, and 0.959 for ., = 0W, 10. and 3(,K.

8 8 respectively. These values are much closer to unity than

those reported at a shorter wavelength and are close to
0. SIP3(e) 0.1 the behavior of a perfect conductor.

0 I We have presented results for the elements of the Stokes
o / 6. CONCLUSIONS

S110.,) matrix of a one-dimensional, perfectly conducting rough
surface calculated from an exact expression for the scat-

.0.3 '3. .0.a 3 tered field. The four unique elements of the Stokes ma-
.90 • 80 .30 0 30 60 90 -90 -60 -30 0 30 60 90 trix were found to be significant for a surface profile

assumed to be a stationary, Gaussian stochastic process

Fig. 10. Measured values of the four unique elements of the characterized by a Gaussian correlation function In all
Stokes matrix, S1(0.), S, 2 0,), S3(8,, and SJ4(O., for the one- the cases considered. the surface parameters and the inci-
dimensional surface; 8o = 10. dent wavelength were chosen such that enhanced back-

0.15 ,, , -, scattering was predicted in the two unique diagonal
elements. The off-diagonal elements have complicated

O.0 SIP) . 2•(0) angular dependences, including extrema and sign changes,
With the use of a method based on the iteration of the
Kirchhoff approximation in the equations for the source

40 functions, we showed that each term containing multiple-
0.4 scattering amplitudes of even multiplicities contributes to

the sum of the diagonal elements of the Stokes matrix.
while each term containing multiple-scattering ampli-

0 ....... . .0.15 tudes of odd multiplicities contributes to their difference,

-90 -60 .30 0 30 60 90 -90 -60 .30 0 30 60 9o The off-diagonal elements were shown to contain only
s contributions from cross terms between the scattering

0.4 .,,.,.., .amplitudes of different multiplicities. In particular. for

S3 (O 0.1 the surfaces considered here, enhanced backscattering is
due mostly to pure double-scattering processes. as was ap-
parent from the numerical calculations of each contribu-

0 tion to the diagonal elements. Similar calculations for
the off-diagonal elements showed that the cross terms be-

L tween single and double scattering and between double
and triple scattering are the main contributions to these

S31(6,) elements.

0.4 -. , , .. The experimental results with a characterized rough
-10 -60 -30 0 30 60 90 -60 -60 -30 0 30 50 9o surface showed that the four distinct Stokes matrix ele-

el 8 ments were all significant. The results were largely simi-

Fig. 11. Measured values of the four unique elements of the lar to the theoretical results, although it was suggested

Stokes matrix, S, 1(8.), S12(.). S 33 (O,}. and S(6O,, for the one- that differences in one of the matrix elements could be
dimensional surface; 8o = 300, attributed to the finite conductivity of the surface.

WWNWW=
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APPENDIX A: KIRCHHOFF ITERATES condition we have that
FOR DIRICHLET AND NEUMANN
BOUNDARY CONDITIONS (-)[x -I 1,(x W

In this appendix we derive the relationship [Eq. (39) of = i w),,. - f ds'Gix x#') on' "A6ý
Section 41 between the scattering amplitudes computed
through n iterations of the Kirchhoff approximation for s where 0(x) is the Heaviside step function. x is the vector
and p polarizations. We present this in the broader con-
text of the scattering of scalar waves for Neumann and (x,,x:,x1 ,j xist veo (x1 .. ) and x is the vector
Dirichlet boundary conditions. For the one-dimensional ,,(xj , x,)1 belonging to the reflecting surface In"what follows the primed coordinates (x and %") are always
surfaces of the present work these are equivalent to the s-
and the p-polarized scattering problems, respectively, assigned to vectors residing on the surface. In Eq. A6A general result is established that relates the scattered the source function id,0 x" w1/hrn is the normal derivative
fields computed from the source functions obtained of the total field evaluated at the surface. In the case of
throughconputedraiono the sourfce f tiont l euationed the Neumann boundary condition the extinction theoremthrough an iteration of the surface integral equation i iIvnb
derived from the Helmoltz integral formula with Neu- is given by
mann and Dirichlet boundary conditions.15"6 The physi- O[xj - (X)]b.~x wi

cal system and the coordinate axes considered here are
identical to the one described in Section 2, but we derive = (iXýwI + 1 ds' 0,(x tai, A7)
the results for the general case in which ;depends on both 4,s'.
x1 and x,. It is assumed that an incident scalar fieldxiandx2 , It illassumin hates an incitent s ction ofiheld where the source function dx' wl is the total field evalu-plane. In the region m > te ax . x2), the scalar field ated at the surface. The scattered field is determined by

O(xI, x1 , x3 ,W) is a solution of the Helmoltz equation obtaining a surface integral equation for the source func-
tion for either boundary condition. To compute the

(a 2  a2  -,2\ source function dsb(x' :w)we successively set x3 = OiX! + f
(' + 7-, + - + -XxIx-,X3: () = 0, 1Al) (e > 0)andx 3 = ¢X - cin Eq. (A7)and add the resulting

OX )equations: in the limit of E - 0', there results

where c is the velocity of the field and the time-dependent P aGix' x+i
factor exp(-iwt) is omitted. Two boundary conditions .i.(x'l&) = 24b(x'i w),. + ' f ds" --. ex" W).
are considered: the Dirichlet boundary condition 4 (n

(A8•

0ox.,_,,x3 W)ý ...... = 0 {A2)
in which it is understood that only the principal part iP,

and the Neumann boundary condition of the integral is kept. Similarly, if we set xý = ý(Xý + e
and x., = ;(X) - e in Eq. (A6) and add the normal deriva-

a tives of the resulting equations, the integral equation
an

2
where an' on'

a a(,, I 4X 1 ,X2 , J2 -12 - Pfds" )Gfx___x" 0)ix ) (A9 i
6n 1 6 + ax, s (in' afn"

S (,X,X2•) a •.(X,.X2) a+a for the source function adi)x'ýw)/an' is obtained in the
x "T + ] (A4) limit e -- 0,

Equations (AB) and (A9) are Fredholm integral equa-

is the derivative along the normal to this interface at each tions of the second kind, and we write the solutions as
point, directed from the perfect conductor to the vacuum. Neumann-Liouville series as
We also impose the. ndition that d1(x1, x 2 , x 3 ut) atx•3 - W

consist of an incoming field and outgoing waves. The •t('!_ ) = D"(x' w) + D 2 (x' ow) + D"tx, w)
Green's function Gixj, X2 , x 3 IxX', x2 ', x 3 ') is a solution of an'

(A10)

a2 a2
X Xi+ 2  

C1 -G(xi x2xiIxi',x2,x3 ) where

(~~2 + -47r6lx 1 - X1')6(X 2 - X2')6(X3 - X3') (AS) D(' -2dlW),_=(AI--('1oi n (All)

and satisfies an outgoing-wave boundary condition at
D"'•(x' Iw) = -_2 f ds" D-•D 'tx w.,

Applying Green's second integral theorem to a volume 4-r J as n'n
bounded by the rough surface and a hemispherical volume in > 1; iA12)
of infinite radius in the vacuum and imposing both kinds
of boundary conditions, we may obtain two different ex- tx(x' oi) = N 1 i(x' a)) + N"`(x'! t) + N 3

'(x' w) .
tinction theorems. In the case of the Dirichlet boundary iAl3
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where proximation (m = 1) are

N"'Z(x', wa) = 20z(x"W),n... (A14) I DrI(X (x U)).

2P d" (x' z") f ds'G(x x')2 ,• A23)"(x'i) = rN '(w), M > 1.
(A I5) d s.• ,'I (x I W ).•

I f ds' aG~x z 204', .A24l
When Eqs. (A10) and (A13) are substituted into Eqs. (A6) = a d n'
and (A7), respectively, the scattered fields may be ex-
pressed as the infinite sums The sum of these fields is then

kAD(X 1W)1, - fJD"'(X W)., + ttt( 2'(X ýIW). bD (K Il,,U) + 0., "(X.Ul)).

+ O,3(XI).+ A6)-2 d~s' G xx, X , I, a1'ai '+ ID 3'(xt)., + .... (A16) -2 f a, , (x_..),- ,Gux xi,

where tA25)

Applying Green's second integral theorem to utx ix v, and

= z f ds'G(xIx')D(m)(z'Iw), m >0; G(x:x') in a volume bounded by the rough surface and a
41r is hemispherical surface of infinite radius in the upper half-

(A17) space and using the radiation condition satisfied by the
Green's function, we conclude that the integral in Eq. A25)

Ax ), ( ) -i tbN' 2•(x .W),. vanishes and that there is only a sign difference between
+ di@v'1(xzai)• + .... (A18) the scattered fields computed within the Kirchhoff ap-

proximation for the Dirichlet and the Neumann boundary
where conditions. This simple result is well known."

Assuming that Eq. (A22) holds for (m - 1, > i,. we

1 aG compute the contribution to the scattered field that is due
IkN" (x aiX, = - s ds ,G(X N'"tX' N w), m > 0. to the mth-order scattering processes as

(A19) 2t"( o) , ds'G(x x*) CO).4ir'( '&) =Js1 f n

Truncating the series of Eqs. (A16) and (A18) after the - VkD'ý' A26,
first term leads to the Kirchhoff approximation for the
scattered fields in which only the single-scattering pro- ','"'('X1).+ = 2, ds' -G( .-) ' (x w),,
cesses are taken into account. The term ti,"•(xo w)i, de- 47r s on'
scribes the contribution to the scattered field that is due - tA27)
to the source function generated by m successive interac-
tions of the scattered field with the surface. To support where Eqs. (A20) and (A21) were substituted for the surce
this physical interpretation, we rewrite Eqs, (A12) and functions in Eqs. (A17) and (A19). Using Eqs. (A26M
(A15), respectively, as and (A27) and the assumption of Eq. (A22) for im - 11.

we obtain

D` '(x' 1 w) = 2  X( j - D" -`(x, ), (A20) 2
n' • Wa"X). -(-l)•d,.,' m (x - 4i- f ds'

N m"(x' w) = 2 1PD+(M- I)(X , N I)(X aI) (A21) [G(x x') ( w - x l ,,,, j
by adding and subtracting the contribution to the inte-
grals arising from the singularity of the kernels. These - 2  (x'" IX wL, iA28i
equations indicate that, for either boundary condition, the
source function describing the mth-order scattering pro- Using Green's second integral theorem and the radiation
cesses is identical to the source function computed in the condition on the functions ed'•- (xwoX),. and Gtx x ). we
Kirchhoff approximation from the field scattered (m - 1) see that the right-hand side of Eq. (A28) vanishes. thus
times by the surface before being incident upon the sur- the identity
face, from which we must subtract the source function de-
scribing the (m - 1)th-order scattering processes. (i'ID(X w)= (-1)"¢x"'(x wX. A29)

We now show that has been established for any scattering order rn.
When the incident field and the surface profile are

VID"I(x IW),. (-l)m"6N<t(xzX,). (A22) invariant under translation along a direction ox2, of
the mean surface, we apply Green's second integral

The scattered fields computed within the Kirchhoff ap- theorem to a modified volume, and Eq. (A29) becomes
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,'o"I:.x, ,).. = , -X1"•- Xt x, x, w),.,. This result. ap- second-order Kirchhoff approximation from very rough sur-

plied in the far-field region to the angular spectra of scat- faces and a study of backscattering enhancement, J Acoust
Soc. Am. 88, 1846-1850 (1990)

tered plane waves r,..) and r., , is Eq. (39. 11. M Nieto-Vesperinas and J M. Soto-Crespo, "Monte-Carlo
simulations for scattering of electromagnetic waves from per-
fectly conductive random rough surfaces." Opt Lett 12.
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We study theoretically the angular dependence of the correlation functions of the scattering amplitudes occur-
ring in the interaction of a beam of polarized light with a one-dimensional, perfectly conducting rough surface.
For an ensemble of surface-profile functions that are realizations of a stationary stochastic process. a necessary
condition for the exact scattering amplitudes to be correlated is established: the projection on the mean sur-
face of the difference between the incident wave vectors must equal that of the scattered wave vectors. The
exact expressions for the amplitudes of the scattered plane waves constituting the far field are derived from
Green's second integral theorem. By numerical simulations, the dependence of these amplitude correlation
functions on the angle of incidence and on the incident and the scattered polarization states is computed for
Gaussian surfaces producing enhanced backscattering Results are presented for the complex correlation
functions of p- and s-polarized scattering amplitudes. However, it is argued that, for an incident field polar-
ized at +45', the single- and the multiple-scattering contributions to the amplitude correlation functions are
clearly separated if the scattered field is resolved into -45* and +45* polarized plane waves. In thic case the
real part of the correlation function of the -45* scattering amplitudes displays two peaks of large angular
width. The maxima occur for angles of incidence at which the correlation between the + 45*-polarized scatter-
ing amplitudes has sharp peaks of angular width approximately equal to A/a, where the surface correlation
length a may be interpreted as an estimate for the mean distance between successive scattering points on the
surface. One of these maxima occurs when the correlated amplitudes are identical, and the other occurs when
the role of the incoming and the outgoing directions is interchanged between the two scattering amplitudes.
which are then related by the reciprocity condition. The coherent addition of the amplitudes arising from
multiple-scattering processes and those of their time-reversed partners in directions close to the retroreflec-
tion direction is demonstrated in the calculations of the correlation functions.

1. INTRODUCTION correlation function was derived by Pedersen"'2 and by
Ldger et al.,3 •4 who also presented experimental measure-

The consequences of multiple scattering in the interaction ments of this quantity in the case of scattering from two-
of waves with randomly rough surfaces have been of re- dimensional, rough metal surfaces.
cent interest. The scattering of a beam of light from sur- The correlations between scattering amplitudes were
faces with strong surface slopes and height fluctuations also considered more recently by Feng et al."6 for the case
comparable with the wavelength has been shown to exhibit of the transmission of waves through a disordered medium.
enhanced backscattering.'" Theoretical studies7-" have One of the predicted correlations between transmitted
suggested that this enhancement results from the con- amplitudes occurs if the incident and the scattering angles
structive interference of a multiple-scattering path with are related in a similar manner, as in the work of LUger
its time-reversed partner in directions close to the retro- et al. However, multiple scattering is accounted for in
reflection direction where these two paths are correlated, the mathematical treatment of Feng et ol. through the use
The central quantities in these investigations have been of a diffusion approximation. This correlation between
the second moments of the scattered amplitudes, which multiply scattered waves, termed the memory effect, has
may be introduced as the Stokes matrix elements of the also been investigated experimentally."i7 The effect was
scatterer.6," then predicted"'," and observed2" in the reflection of waves

However, the existence of general correlations between from disordered media. Later, the introduction of time-
scattering amplitudes for different incident and scattering reversal symmetry in the theory led to the prediction' of
angles has not to our knowledge been investigated, at least two distinct peaks in the amplitude correlation function
for randomly rough surfaces producing multiple scatter- of waves reflected from random media. The influence of
ing. Previous studies' 2" 5 considered the correlation of the vector nature of optical waves on the amplitude corre-
scattering amplitudes produced by two angularly displaced lation function for light transmitted or reflected by ran-
beams incident upon a randomly rough surface when dam media has also been studied.22

single scattering dominates. The Kirchhoff approxima- In this paper we study the angular correlation function
tion has been used in the case of the scattering from a of the scattering amplitudes in the interaction of a beam
one-dimensional rough surface on a perfect conductor to of polarized light with the one-dimensional, randomly
determine the condition involving the angles of incidence rough surface of a perfect conductor. Previous investiga-
and of scattering for which correlations exist between tions of these amplitude correlation functions"`1 used a
scattering amplitudes. An analytic expression for this single-scattering approximation. In this study, however.

0740-3232/92/081374-11$05.00 C 1992 Optical Society of America
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exact scattering amplitudes are considered, and the corre- the electric field ofap- is- ý polarized plane wave with unit
lations between the scattering amplitudes owing to mul- wave vector f,1 sin 6 - i cos 0). The complex ampli-
tiple interactions are studied. Because polarization plays tudes E, and E, determine the incident polarization state.
a significant role in the scattering from such surfaces,"' The scattered field may be determined by considering
the scattering amplitudes considered are generalized to the incident field to be the sum of the p- and the s-
include any incident and scattered polarization states. polarized fields. It iw well known7 that the scattering of
An exact expression for these amplitudes derived from a p- (s-) polarized incident beam from a one-dimensional
Green's second integral theorem is used to find a neces- surface reduces to the scattering of a scalar field satisfy-
sary condition for these amplitudes to be correlated when ing a Neumann (Dirichletu boundary condition at the
the statistics of the rough surface are stationary. The rough surface. Exact expressions derived from Green's
exact formulation of the scattering problem is then used second integral theorem may be used to calculate the scat-
to determine by numerical simulations the dependence of tered fields numerically. The p- and the s-polarized scat-
the amplitude correlation function on the angle of inci- tering amplitudes r5 9O, and rjo, i (Ref. 71 that may then
dence for various incident and scattered polarization be obtained as solutions determine an exact expresion for
states. Results are presented for surfaces assumed to be the scattered electric field in the far-field region x, - x as
realizations of a stationary, Gaussian stochastic process
with a Gaussian correlation function. The role of mul- E(xi,x31W), i
tiple scattering is analyzed by considering the correlations 41r
between polarized amplitudes that have been shown" to 2

contain no contributions from pure single-scattering pro- X J d6JEpr,(6•.4 •ei E.r. O .
cesses. Finally, we consider the physical significance of
the amplitude correlation function, and its relationship to s
enhanced backscattering is discussed. I exP[cxi J.

2. AMPLITUDE CORRELATION FUNCTIONS here

FOR ROUGH SURFACE SCATTERING 1= i1, 5

We first consider the polarization dependence of the scat- p(80,)w 11 cos 9, - i.j sin 6,. '6
tered field; a more comprehensive discussion may be found
in Ref. 11. The general conditions for the existence of The unit vector p(8,) tO,y defines the direction of
correlations between scattering amplitudes are studied at the electric-field vector of a p- is-) polarized plane wave
the end of this section. scattered in the direction (sin 0,.i -, cos ei3).

Consider the situation in which the half-spacex 3 < fx,) Incident and scattered plane waves of arbitrary polar-
is filled with a perfect conductor and is separated from izations may be described if the following pairs of or-
the vacuum above it by a randomly rough surface of equa- thonormal vectors are introduced These unit vectors`'
tion x3 - ý(xl). The stochastic surface-profile function determine the linearly polarized -; ,,s at _-45" as
ý(x1 is assumed to be a stationary, zero-mean process
having derivatives of arbitrary order. Further, the sur- = =-(. 6 + e),
face profile is one dimensional in the sense that •" is inde- 2
pendent of x2. 1

A polarized light beam whose plane of incidence is the L - 4. - i,), i8)
plane xlxa perpendicular to the grooves of the surface illu- V2

minates the perfect conductor from the vacuum side. and the right (R) and the left (L) circularly polarized
Such a beam may be expressed by a Gaussian angular states as
spectrum of incoming plane waves and may be written as

(OW f.2 ~ w ,)2( (j= , - ie'), (9)-- iT =_eý dO exp-e• 0,,2]

X exp i.ýý¾xi sin 0- X3 COS 9), .1'Z- iJ 2 where i., a = p, s, +, -,R. or L, must be replaced by

, in the case of the incident field and by eýt0, ., in
where the case of the scattered field. With these definitions,

the projection of a field Eix,, x3, onto 0isEx,,x3  =

*(2) [ -* E(xi,xkl o)]Y., and E~xi,X 3 I•W may be decomposed
p(O),nc -- 1 1cos 0- . sin 0, (3) as E(xi,xalI(a) - Eoixi,xa] &) + Eo(xi,x3w , where

(a, 0) - (p,s), (+, -), or (R,L).
c is the speed of light, and the time dependency expt - iwt) Next we consider some of the observable quantities asso-
is omitted. In the limit of cw/2c >> 1, Eq. (1) describes a ciated with the far field. The total power incident upon
Gaussian beam propagating in the direction (iI sin 0, - the surface that is in the projection of the incident field
i 3 cos 0,) with transverse width 2w at the coordinate ori- E,.txi,x 3 J w),,, is denoted P.. To obtain this total incident
gin. The unit vector i(G),, [•,(9i,•] is in the direction of power, the magnitude of the third component of the time-
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averaged Poynting vector of E.(x1 , xI wX),. is integrated must be fulfilled for the scattering amplitudes to be sig-
on the portion of the plane x3 = 0 where 0 < x 2 < L 2, in nificantly correlated. In the limit of small angular widths
which L2 is an arbitrary length. This incident power is of the speckles (-A/wI this condition may be approximated
then given by Pi, - i -, (Ei, + Ei,) I), where ',, _= by sin 0Oi - sin 8,, = sin 8,2 - sin 8,2.

L 2cw/(8/'.{2) when wow/2c >> 1. as shown in Ref. 7. Simi- In particular, Eq. (13) implies that if the angles of inci-
larly, the scattered power per unit planar angle Pp(8,).• dence are taken to be identical (8, - 0,2), as in the case
may be calculated from the field E (x,, x 3 I w). by consid- when there is a single incident beam, a significant correla-
ering the flux of the third component of its time-averaged tion may exist between the scattering amplitudes only
Poynting vector through a plane x3 - h > (Xi),., 0 < when 0,2 - 0, - 0,2, and this correlation decays within
x2 < L 2. The flux P0 (O,)., is then a measure of the scat- the speckle width as 0.2 is moved away from 0,1, Con-
tered power per unit angle transmitted through a filter versely, if 8,1 and 0,2 are taken to be equal, as occurs when
passing the field in the polarization state ip(0.). and is scattering intensities are considered, the scattering am-
given by plitudes may be correlated only if the two directions of

L2c
2  incidence have an angular separation smaller than the

= 0 4) - speckle width A/w. However, in general, a scattered am-
) 64wr plitude at 0.1 owing to the incident beam at 0,1 will be cor-

X i•(0., [Eri(O,)4O(,).• + Er.(O,)i,(0.).)]j2. (11) related most strongly with the amplitude owing to the

In this study the polarization state of the incident field beam incident at 0,2 only if 0,2 - 0,2 as prescribed by
is always astudyrthepl state of(6, [E, the- . incidEq. f(ed a Eq. (14). As 6,2 then deviates from 0,2, the decorrelation

is always a pure state o [Eis.d scu, in Eq. (1)T ; a of the amplitudes follows the behavior described by
more general situation is discussed in Ref. 11. The inten- Eq. (13). Hence in Eq. (13) the values of the correlation
sity of the scattered light transmitted through a filter functions at (O,i,0,2,6,0,6,2) are determined by the func-
passing the field in the polarization state io(0,). may be tions of only three independent variables:
obtained for such an incident field by nozmalizing PO(O,),,
by the total incident power P. = ff ,. This ratio may be r (,aO,2 ,0°e ) foi (A(Oi,[iI8Oiai)A'(O,2,P2 •0, 2 ,a2 )),
written as IA(O,,8 1 0, a)12, where the new scattering ampli- (16
tude A is given by

c ( L 2 where (0,1,0,2,0,) determines 6,2 through Eq. (14).

A(O,8i,, ) 0 [0,, .")(,* " -)r (W,) The identity roo,519 (6,1,0, 2 ,6,1 ) ,
follows from Eq. (16). If (a,S) = (p,s), (-',-(, or (R,,L),

+ (&* • •,)(i. • 0)r,(e,)]. (12) Eq. (12) may be used to obtain the identities a.,:os,

These amplitudes also determine other observable quanti- (0,i,0,2,6) ""' rFia2oai2(Oi,,i,,i,) - roa,(0, 2.6,. =

ties of the far field.'4  rs1 •o0 o0 (6,,,0, 2,6,,). In Appendix A the reciprocity condi-

The scattering amplitudes are random quantities associ- tion"' satisfied by the scattering amplitudes r,., (0, 6i, for

ated with the stochastic process C(xl). Of primary inter- an incident plane wave is used to show that, for A/w << 1.

est in the present study is the dependence of the amplitude (cos 2 0il +- cos 2 0,2)1 2 rF, -2(01, 8,2, 6,1r) _ (cos 2 O, -

correlation functions of the scattered field on the angles cos 0,2 i 2 )l'2 r,,,,(0.i, -4 ,04) if the width of the Gauss-

of incidence and of scattering and on the incident and the ian beam w is kept constant when different angles of in-

scattered polarization states. A general result concerning cidence are considered. Finally, because the surface

the angular dependence of these correlations may be ob- profiles ý(xI) and ý(-x I) are statistically identical, we may

tained for an ensemble of surface profiles assumed to be reflect the angles of incidence and of scattering in the sur-

realizations of a stochastic process if it is assumed that face normal, and it follows that Uo,., 5 (O,,,0,2 ,6,,

the statistics of the surface are stationary. It is shown in r8,o (, 2,-0,• , - 0.).

Appendix A that the following relationship then holds for
incident Gaussian beams with Aw << 1 and fixed beam 3. NUMERICAL RESULTS
width w [Eq. (1)]: The correlation function of the scattering amplitudes de-

(A(0., 0 1 10,1, aC )A"(04,•21• ,2, a2 )) fined by Eq. (16) was calculated numerically as a function

fH'ojw\2[(sin 0i - sin 0,,) - (sin 0,2 - sin 0,0)2 of the angle of incidence 8,2 and of the incident and the
..exp 2,. O scattered polarization states (a,0a2,0i, z). The surface-

"lep-'2c) cos2 0,1 + cos2 0," profile function is assumed to be a stationary, Gaussian

X (A(6. 1 ,0 1 60,, a 1)A*(0°., • • 1,2, aC)), (13) stochastic process characterized by the properties (C x I)) -
0 and (ý(x1 )C(x1 ')> _ 82 exp[-(x) - x1 ')2/a2], where S' is

where 6,2 is the angle satisfying the variance of C(x,) and a is the transverse correlation

sin 0,, - sin 0.1f sin 0,2 - sin i., (14) length of the surface. Each realization of the surface pro-
file ;(xI) was computed at N, - 400 equally spaced abscis-

and where a, and 0, (,j - 1, 2) may be any of the polar- sas, and for each of them the scattering amplitudes r0,)
ization indices p, s, +, -, R, and L. Thus, according to and r,(0,) were calculated as a function of the incident and
Eq. (13), the condition the scattering angles by the method described in Ref. 7.

1(sin Oil - sin 0a,) - (sin 0,2 - sin 0,0)1 The incident beam used in the computation may be ob-
tained from Eq. (1) through an approximate integration

SA(cos2 01 + co 2 0,2)12• (15) that is valid in the limit ww/2c >> 1. The analytic ex-
1rw pressions for the incident beam and for the total inci-
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dent power derived in this fashion have been described r;1'(8,) - -r''(8,) are used in Eq. (16) instead of r5 (0,) and
elsewhere'; these expressions are simpler to evaluate r,(8,); the amplitude correlations calculated within this
numerically and are sufficiently accurate. In all the cal. single-scattering approximation" would then be r -. f
culations, the 1/e half-width of the incident beam w was . - = - The sign difference between
kept constant when different angles of incidence were the correlation functions is then understood if it is as-
considered. sumed that there are large single-scattering contributions

N, independent realizations of the surface profile were to these functions. The imaginary part of the correlation
used to calculate estimates for the amplitude correlation function is approximately an order of magnitude smaller
function. These estimates were obtained by arithmeti- than the real part in each case. The normalized intensi-
cally averaging the products of the scattering amplitudes ties (IA(,. 2, a 10,2, + )12) (a = p,s) computed with the same
ri,(8,) and r,(O,) with the amplitudes r,(0,2) and r,(0, 2) realizations of the scattering amplitudes as the ones used
over the finite set of realizations (NW a 1000). The corre- in the calculation of the correlation function display a
lation function ro,,p2D 2(0,o,2,0.l) contains contributions well-defined enhanced backscattering peak, as expected
from the coherent and the incoherent parts of the random from this surface.2 7 The retroreflection direction at
scattered amplitudes, (r.(8.)) and Aro(0.) - r.(%,) - which the enhancement is observed occurs when 0,2 =

(r. (.,)), respectively (a - p, s). In all the cases considered -0,2 a -19.7°, as obtained from Eq. (14), if 0,2 is set equal
in this section the standard deviation of the surface to -4,2. At this angle the real parts of the amplitude cor-
height is large enough with respect to the wavelength to relation functions have only minima.
extinguish the mean scattering amplitudes, and the re- The four correlation functions of Fig. 1 are the fun-
sults presented contain only contributions from the inco- damental quantities from which one may obtain by linear
herent part of the scattering amplitudes, combination any function r,,e,,, 9,2,9,1 , according to

The length L of the surface was chosen such that the Eqs. (12) and (16). The correlation functions r..--- and
half-width of the intercept of the beam with the mean sur- r..-- as computed from the results of Fig. 1 are shown in
face w/cos 8, was always several times smaller than L at Fig. 2. The behaviors of these two correlation functions
the angles considered. The angle of incidence 0, is mea- are very different. The real part of r ..-- displays strong
sured counterclockwise from .i 3, and the scattering angle correlations between scattering amplitudes separated by
0, is measured clockwise from 13; all the angles in the as much as 50° and has maxima at 0,2 -30' and
figures are in degrees. The range of allowed angles 0,2 is 8,2 - -10°. At each of these angles Ne r.... has a nar-
determined by Eq. (14) and is given by the interval row peak whose full width at zero is -10'. The two peaks
[arcsin(sin 0,1 - sin 6,1 - 1),ir/21 if 9,1 > 0,1 and by are separated by a minimum around 8,2 - -20' where
[-ir/2,arcsin(sin 8,1 - sin 0,1 + 1)) if 0,1 < 80.. In the 9le r.... is negative. Minima at which the correlation
results presented here, this range was limited either by
the lack of accuracy of the computation at shallow angles o. 2
of incidence or by the amplitude correlation's being smaller r
than the statistical noise owing to the finite number of PP
samples N,. The calculated correlation functions verify
the identity derived from the reciprocity condition (Sec- 0. 1

tion 2) to within the statistical noise. The total scattered
power normalized by the incident power for a single sur-
face realization of the surface profile is given by the inte-
gral over all scattering angles 6. of IA(W,, I C,, a) 2 

+

JA(W,, P2 I,,a))2 , where (0,82) -= (p,s), (+,-), or (R,L);
this quantity was always between 0.99 and 1.0.

In Fig. I we present the results of the calculation of the
amplitude correlation functions r÷÷o0 (6,iOa,0,i) as a func- 0.0
tion of 0,2 for (a,,9) - (p,p), (s,s), (p,s), and (s,p) and for
(Bei,9,.) - (-10°,30*). The wavelength of the incident
light is A - a/3. The surface roughness is such that
8/a - 0.6; the standard deviation of the surface slopes is -o.1
then V2-8/a - 0.8485. The four amplitude correlation 11
functions are significant over an angular interval of -45°. I.
Two distinct peaks with their maxima at 0,2 - -30' and "-.ps ! ,p
0,2 - - 10° are observed in the real part of each of the four .0. -s . - - -3

complex correlation functions. The maxima occur for in-

cident directions at which the two correlated scattering Fig. 1. Dependence of the real (solid curves) and the imaginary
amplitudes either are identical (0,2 - 6,1 - -10°, in which (curves with open circles) parts of the four complex amplitudeapthdes correlationhr are relatical(0- ted tihe correlation functions r..,,, r..... r..•,, and r,-,, on 8,2 for
case the correlation is perfect) or are related through the ,1 - -10* and 0,1 - 30°. The one-dimensional profile of the
reciprocity condition (0,2 - -0,. - -30'). r..,. and r.,,. randomly rough, perfectly conducting surface is characterized by
have positive real parts and similar angular distributions; 6/a - 0.6. The wavelength of the incident light is A - a/3. the
r".., and r ., are also similar but have negative real half-width of the Gaussian beam is w - 7A, and the length of the

The sign difference between these pairs of corre- segment of surface considered is L - 6w N, - 400 discretiza-
parts. hr tion points were used, and the estimates of the correlation func-
lation functions may be interpreted if the Kirchhoff ap- tions were obtained by averaging over an ensemble of Np = 2000
proximations"1 for the scattering amplitudes r"'(0.) and independent surface realizations.



1378 J. Opt. Soc. Am. A/Vol. R No. 8/August 1992 T. R. Michel and K. A O'Donne,,4 5

0.3 information is contained in r.... and r..--. and in what
- ... follows we present further results for only these functions.

02. -- The dependence of the amplitude correlation functions
on the surface correlation length a is illustrated in Fig. 3,"the ratio 8/a is kept constant and is 0.6 as in Figs. 1 and 2.

0.- The angles 0,1 = 0* and 0,1 - 30* characterize one of the
scattering amplitudes of the correlation function. The

0.0 ; dependence of r.... and r ..-- on 0,2 is shown in Fig. 3 for
SY .ratios a/A equal to 1, 3, and 6. Correlations exist at large

""- angles in the three cases. The real part of each correla-

.0 0 tion function has maxima at 0,2 = 0°, where the two am-
-.10, .0 -30 .10 plitudes in the correlation functions are identical, and at

Fig. 2. Two complex amplitude correlation functions, F_. and 8,2- -30*, where the reciprocity condition relates them.

r.... , computed from the results of Fig. 1. The solid curves rep- At those two angles 9ke r... displays a sharp peak whose
resent the real parts, and the curves marked with open circles full widths at zero are 270, 90, and 5° when a/A equals 1, 3,
represent the imaginary parts. and 6, respectively. These widths have values close to the

angular widths A/(2a). Minima at which 91e r.... < 0

has a negative value are also present on both sides of the are observed on both sides of each peak in the three right-

angular intervals containing the two peaks. As in Fig. 1, hand panels, and their angular separation is close to A/a.
the imaginary parts of the correlation functions of Fig. 2 The correlation function 91e r..-- has much broader
are small in comparison with the real parts. peaks at 0,2 - 0° and 0,2 = -30' that overlap at interme-

These remarkable features may be attributed to single diate angles; the widths of these peaks also decrease with
and multiple scattering in the following manner: Studies an increasing ratio a/A.
of the scattering behavior of similar surfaces have shown
that the first- and the second-order Kirchhoff approxima- 0.3
tions for the scattering amplitudes may be used to com- I -,. ,
pute mean intensities in reasonable agreement with the ! a - " a=x
exact calculations."7  The infinite series of Kirchhoff 1
approximations" 2 5 rp,,(0,) - r`.,(,) + r",,0,) +
r ) + .. , where r(6,) (a > 0) is the amplitude corn- 0.1 /
puted from the (n - 1)th iteration of the surface integral
equation for the source function, have been shown" to be
related through rP'(0,) - (-1)0 r,0 '(0,). The second-order 0.0,

Kirchhoff approximation for the amplitude correlation
functions is then derived by keeping only the first two 0.3,
terms in the series for the scattering amplitudes and may r 1 r
be obtained from Eqs. (12) and (16) as a =3 a =3)

oa=3X

. (rl(O(l)rP*(8,2)), (17) I
8 0.I1

()2*(6)) (18)
__W9_1__r___ I L__ ___ ___

The results of relations (17) and (18) suggest that, when 0.3
single- and double-scattering processes are the dominant " r
contributions to the scattering amplitudes, r ..-- and a a = 6÷
r.... arise exclusively from pure single- and pure double- 0. 2 - 6X 6X

scattering processes, respectively. If higher-order pro-
cesses are important, relations (17) and (18) may be
generalized to show that r+.-- contains all the contribu- 0.

tions of the form r, 2n-(6,,)rp2•'-(6, 2)/ and that r...÷
contains all the terms of the form ()0.().,r .1'(6,2 --fo rm ( O,'(0 )r "' 0,0) V J,

The two correlation functions r...- and r+..., accord- -__

ing to the identity on the interchange of the polarization -60 -30 a .60 .30 0

indices of Section 2, are needed to complete the descrip- Fig. 3. Dependence of the two complex amplitude correlation
tion of the correlations of the amplitudes A(O., ± 10, t). functions r.... and r'. - on the transverse correlation length a
However, in this case and in all the other cases discussed of the surface profile. The values of the parameters kept con-
below, these functions were found to be more than an order stant are 0,1 - 00, 0., - 30*, 5/a - 0.6. and N, - 400. Top row:
of magnitude smaller than the functions r... and r.÷--, a - A, w/A - 7, L/w - 6, Np - 1000; middle row: a/A - 3,
and the results were less significant given the level of w/A - 7, L/w - 6, N, - 2300; bottom row: a/A - 6, wiA - 12,

Liw - 4, Np - 1400, The solid curves represent the real parts.
fluctuations remaining after averaging over Np - 1000 re- and the curves marked with open circles represent the imagi-
alizations. We thus surmise that most of the meaningful nary parts.
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SKr Fig. 5. The magnitude of the function 9?e r .... is ap-
0.4 lox proximately the same as for 6,i = 150, or 5". This shows

that the single-scattering contributions to the retroreflec-i ] tion amplitude and their time-reversed partners are not

°.z. distinct processes and do not have to be added in the am-
plitude of retroreflection. The two peaks observed in
S91e r.... when 0,1 = 15" coincide in this case. The maxi-

.omum value of the peak at 8,2 - Ol = 0o is 0.6, which is, approximately three times its value at 15°. The minima
.0. . . ... in D•e r .... occur at 0,2 - 2-100, and the minima in

-60o. 30 0 .. .-30 0 0,2m 7 .... occur at 0,2 - t15*. In this sequence of figures
-60 -30 o ,• .60 .30 o 0, the constructive interference of the contributions of

Fig. 4. Two complex amplitude correlation functions, r.... and multiple-scattering processes with those of their time-
r..._, for the same parameters as in Fig. 3 (a/A - 3) but for reversed processes is clearly observed about the retro-
6/a - 0.3 and N, - 1800. The solid curves represent the real reflection direction where these contributions are
parts, the curve marked with open circles represents the imagi-
nary part of r....., and the dotted-dashed curve represents the correlated.
imaginary part of r..... We now examine whether the result of Fig. 5 at Oi - 0'

exhibits the same dependence on the characteristics of the
In Fig. 4 the incident wavelength is A - a/3, and the surface roughness as observed in Figs. 3 and 4. The ef-

surface is characterized by 8/a = 0.3; the surface slopes fect of a/A and of 8/a on the amplitude correlation func-
are thus weaker than in the previous cases. As in Fig. 3, tions F..(6, 1,O,2 , -Gd) and r.... (8,1,8,2, -6Oi) is thus
the angles 0,, - 0° and 6.1 - 30" are kept constant, and considered in Figs. 6 and 7, respectively. In Fig. 6 the
the dependence on 0,2 is shown. The maximum value of surfaces are characterized by large surface slopes (6/a -
Ste r÷÷__ is seen to be approximately two times larger for 0.6) and increasingly large correlation lengths: a/A - 1,
8/a - 0.3 than for 8/a = 0.6 (Fig. 3, a/A - 3); the angular 3, and 6, as in Fig. 3. The retroreflection direction is the
width of this function is also larger than in Fig. 3 when
a/A - 3. In contrast, the correlation function Te r.... is 11.6,
ten times smaller than in the previous case, and its depen- . _ I ÷
dence on 8,2 has changed. Sharp peaks at 0,2 = 0" and = i i O,1f"
0,2 - -30" are observed, but each peak has subsidiary 0.3
maxima on both sides, the correlation function being nega-
tive at the intermediary minima. The widths of the main
peaks are somewhat smaller than for 6/a - 0.6. The o.0 L
imaginary part of this function has the same magnitude
as the real part but has a zero when the real part has an
extremum and vice versa. .o.3 .

We now consider the approach to the special case in 0.6
which one of the correlated amplitudes is an amplitude of 7 -÷ r
retroreflection (,1 = -0,1). Figure 5 shows the correla- oi 50 0,1= 5"
tion functions r... and r.... as a function of 0,2 for the 0.3 =1 , -0
same incident wavelength and surface characteristics as
in Figs. 1-3 (a/A - 3) and for 0.1 - 0 but for angles of inci-
dence increasingly close to the retroreflection direction: 0. 0

- 15", 5°, and 0', successively. When 8,1 - 15" the
same qualitative features are observed in the two correla-
tion functions as in Figs. 2 and 3. At 8,1 - 150 the two .0.3
peaks of r÷-__ overlap, but the maximum values are only e. _

slightly larger than for larger angle of incidence (Fig. 3); _
the two peaks of r... are separated, and their maximum Oi= (=
values are approximately the same as in Fig. 3. The val- -=

ues of the correlation at the minima on both sides of each 0.3

peak decrease when 0,1 decreases. When the angle of inci-
dence ,a is 5, which is half the width at zero of the ampli-

tude correlation function, the value of the maximum of 0.0
the correlation function r4.... at 0,2 - 0,1 - 5" is the aver-
aged intensity scattered in the direction 8, - 0° owing to -0.3
an incident beam at 6, - 5". This intensity is now some- -. 20 0 20 e .20 0 20 0,
what larger than the intensity given at 0, - 5" by r..-..
The minima on either side of the main peak are clearly Fig. 5. Two complex amplitude correlation functions, r.... and

r .... , for the same parameters as in Fig. 3; that is, a/A - 3,observed. The imaginary part of r.... also has two w/A - 7, and Liw - 6 but 6,1 - 0". Top row: 8,1 - 15', N, -
minima symmetrically located about the peak. The case 2000; middle row: 0,1 - 5°, N, - 2000; bottom row: 0,, - 0°.
in which one of the amplitudes in the correlation functions N, - 1300. The solid curves represent the real parts, and the
is the retroreflection amplitude (0,1 - 0") is also shown in curves marked with open circles represent the imaginary parts.
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r served in the two functions in all the cases. The width of
0.41 the correlation functions decreases when the ratio a/A in-

ka =X •"creases. The magnitude of r.___ stays constant, and the

0.2 1 function is almost purely real. The maximum value of
1r.... decreases slowly when a/A increases, but the most
striking effect of this increasing ratio is the decrease in

0.0/ the width of the peak. Measured at the minima of the
function on either side of the peak, these widths are 50°,
180, and 80, which are close to the diffraction width A/a.

-o _____ _ J Figure 7 shows the case when a/A - 3 and 8/a = 0.3, as
in Fig. 4, but for 0,1 - -0,1 - 00. The width of the real

0.4 part of the function 91e r..-- as well as its maximum
a =3) a = 3W value are much larger than in the case of the rougher sur-

face. The imaginary part of this function is indistin-
0.2 . guishable from the statistical fluctuations present in the

calculations. The correlation function r...., in contrast.

0.0 has a much smaller magnitude than in Fig. 4, and its
imaginary part is nearly as significant as its real part. As

I expected from the statistical symmetry of the surface,
.0.21 .... .... _r.... is, within the accuracy of the calculations, an even

function of 0,2. The distance between the adjacent

0.4 r... maxima or minima of Rle r1,..- is very close to A/a.

4. DISCUSSION
0.2

In the limit of plane-wave illumination w/A -- Z, the nec-
essary condition for scattering amplitudes to be correlated

0. - [Eq. (14)] is that the projection onto the mean surface of
the difference of the incident wave vectors must equal that

S..of the scattered wave vectors. This property of the ampli-
-0.2 -20 0 20 40 -20 0 20 40 tude correlation function is a consequence of the station-

"arity of the height statistics of the surface profile. AnFig. 6. Dependence of the two complex amplitude correlation identical condition was derived previously within the
functions rI.... and r .- - on the transverse correlation length a
of the surface profile. The values of the parameters kept Kirchhoff approximation."'"4 In another context the exis-
constant are 0,1 - -8,1 - 10°, 8/a - 0-6, and N, - 400. Top row: tence of correlations among the scattering amplitudes pro-
a - A, w/A - 7, L/w - 5, N, - 2000; middle row: a/A - 3, duced by the reflection of light from a random volume
w/A - 7, L/w - 5, N, - 1300; bottom row: a/A - 6, w1/A = 12, scatterer'8 was also shown to occur under the condition of
L/w - 4, N, - 1800. The solid curves represent the real parts, Eq. (14) if the statistics of the disorder are homogeneous.
and the curves marked with open circles represent the imagi- E
nary parts. In the case of Gaussian beam illumination, the correlation

of the amplitudes has been shown to decay within the
speckle angular width when one of the angles is moved

0 r6 10xI away from a value such that the condition of Eq. (14) is
-.... fulfilled. This behavior has been used here to reduce the

number of independent angles determining the correlation
0.3 1functions to three.

In Section 3 the results of calculations of the correla-
tions between the exact scattering amplitudes are pre-

0. isented. These correlations are reported as functions
0 • •of one of the angles of incidence (0,2) and of the incident

and the scattered polarization states. The real part of
the correlation function of the scattering amplitudes

-0.3' A(O,, + 0,, +), which are due exclusively to multiple-
-20 0 20 i2 -20 0 20 0,2 scattering processes, has two distinct peaks whose full

Fig. 7. Two complex amplitude correlation functions, r.... and widths measured between the adjacent minima are Aia in
r....-, for a/A - 3 as in Fig. 5 (0,1 - 0°) but for 6/a - 0.3 and all the cases considered. A maximum occurs either when
N, - 1200. The solid curves represent the real parts, and the the two amplitudes are identical (8,2 - •,) or when the
curves marked with open circles represent the imaginary parts. roles of the outgoing and the incoming directions are i-n

terchanged between the two scattering amplitudes 49. -
direction 0,1 - -0,x - -10'. The same qualitative behav- -0,I), which are then related by the reciprocity condition
ior is observed in these cases as in Fig. 5 for 0,1 - 0°, even The height of a peak is given either by the mean intensity
though the angles of incidence and the parameters of the at 0,2 - 0,, or by this intensity multiplied by an angular
surface roughness are different. Correlations between factor derived from the reciprocity condition. The widths
scattering amplitudes over a large range of angles are ob- of the peaks in the correlation function of the scattering
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amplitudes A(O,, + 6,, -- may be qualitatively understood enhancement factors were obser d in calculations" of
if the width of the function X_-[aak,, ), a(k, 2 ), Is!] this intensity. The angular width of the unique peak
of Eq. (A5) in Appendix A is estimated. k.-. is the measured between the adjacent minima is again A/a. In
correlation function of the stationary parts of j. (x I) this case all the scattering paths that are participating
exp[-iak,•,x,] andj.*(xi + s)exp[ia(k,2)(xz + s)], where incoherently in the scattering amplitude when 8,; is differ-
the source function j. (xi = jp xi) + j,(xi) contains ent from -0, are contributing coherently. If these
only multiple-scattering contributions. The multiple- scattering amplitudes are due exclusively to muitiple in-
scattering paths contributing significantly to the source teractions, the pairs of scattering processes related by the
functions give rise to sequences of correlated source ele- reciprocity condition consist of distinct processes interfer-
ments on the surface. The average length of these se- ing constructively. The magnitude of the peak occurring
quences is given by the distance between the first and the when 0,1 = -0., is thus enhanced owing to the construc-
last interaction points. As suggested in studies of en- tive interference of these pairs of contributions, which are
hanced backscattering,27 for a surface with a Gaussian correlated. The width of the peak may be estimated as
correlation function this distance may be approximated by above, and thus the same width, of the order A/a, may be
the average groove width at C = 0 that has been shown to obtained. The correlation r .... does not change signifi-
be of the order of the transverse correlation length."8 As cantly when the direct- and the reciprocal-scattering am-
a consequence the spatial extent of X'.. may be approxi- plitudes coincide. The single-scattering contributions do
mated by a, and from Eq. (A5) we conclude that the not differ from those of their time-reversed partners, and
angular width around zero of the amplitude correlation no addition of their contribution occurs in the retroreflec-
function is of the order of A/a, as observed in the numerical tion direction. The small enhancement observed in Fig. 6
simulation results. The presence of well-defined peaks at 0,2 = 10' may then be interpreted as being due to pure
when the standard deviation of the surface slopes is 0.42 triple-scattering contributions.
(Fig. 4) shows that multiple scattering occurs even though
the magnitude of its contributions is an order of magni- 5. CONCLUSIONS
tude smaller than for slopes twice as large.

Two peaks have also been predicted2" in the correlation In this paper we have shown that single and multiple scat-
functions of amplitudes reflected from a random volume tering play significant and distinct roles in the amplitude
scatterer and are known as the memory effect. The angu- correlation function of waves scattered from randomly
lar width of these peaks, calculated within a diffusion ap- rough, perfectly conducting surfaces. The generalization
proximation, is given by the diffraction width produced by of the scattering amplitudes to incident and scattered
the transport mean free path. The analog of this mean fields of arbitrary polarizations [Eq. (12)] was used to
free path in the surface scattering case considered here is separate the single- and the multiple-scattering contribu-
thus the correlation length a, as has been suggested in tions to the amvlitude correlation functions. In the study
studies of enhanced backscattering2 7 from similar sur- of mean scattered intensities for incident and scattered
faces. The peak corresponding to pairs of scattering am- fields of arbitrary polarizations it has been shown that
plitudes related by the reciprocity condition, known as the four unique real Stokes matrix elements are required"';
time-reversed memory effect and obtained by imposing a for the general second-order amplitude correlation func-
reciprocity condition on the diffusion approximation in the tion, four complex quantities must be considered.
volume scattering case, was obtained here directly from The calculation of the amplitude correlation functions
the exact scattering amplitudes, satisfying the reciprocity from exact expressions for the scattered field by using a
condition. result of the stochastic Fourier-transform method devel-

The correlation function of the scattering amplitudes oped by Brown" was shown to lead to an analytic expres-
A49., - 10,, "+) also has maxima at 9,2 - 8,1 and 0,2 - -0.,, sion valid for wide Gaussian beams (A/w << 1) of constant
but these maxima are broader than the peaks in r*..,.. width and for stationary surface statistics. A necessary
The widths of these broad structures decrease when the condition for scattering amplitudes to be correlated was
ratio a/A increases, if 6/a is kept constant. The scattering written for the incident and the scattering angles in the
intensity given by the magnitude of the correlation func- limit of small angular speckle widths: the projection on
tion r. .. at the maximum 0,2 - 0, increases, and the the mean surface of the difference of the incident wave
width of the maxima increases when the standard devia- vectors must equal that of the scattered wave vectors.
tion of the slopes is decreased while a/A is kept constant. The amplitude correlation functions have thus been found
The dependence of this correlation function on the rough- to be completely determined when three different angles
ness parameters is thus comparable with the results 2 ".4 are specified.
obtained within the Kirchhoff approximation. This indi- The simulation results for the dependence of the ampli-
cates that, of all the scattering processes participating in tude correlation functions on one of the angles of inci-
the scattering amplitude A(O,, - 10,, +), the contributions dence have shown that strong correlations exist between
from single-scattering processes are dominant for the sur- the scattering amplitudes if the condition concerning the
faces considered here. wave-vector projections is fulfilled, even when the inci-

When the correlations of all the scattering amplitudes dent or the scattering directions are separated by angles
with an amplitude of retroreflection are considered, the much larger than the angular width of the speckles. The
two peaks of r.... coincide. The height of the peak is calculations were performed in the case of a Gaussian
found to be more than three times the height when the surface with a Gaussian correlation function: various
peaks do not overlap. This maximum value is the scatter- standard deviations of the surface heights and transverse
ing intensity in the retroreflection direction, and similar correlation lengths were considered. When single-
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scattering processes account for all the contributions to exp[ik, 2x1 - ia(k,2)x3], where the component of the mci-
the scattering amplitudes, correlation functions of large dent wave vector parallel to the mean surface is k, =
angular width are expected, and they have been investi- (w/c)sin 0, and a(k,9 = •w'c' - k,l) . Similar notation is
gated theoretically and experimentally. 2"14  However, we adopted for the components of the scattered wave vectors
have demonstrated the existence of strong correlations be- in this appendix. The correlation of the scattering ampli-
tween scattering amplitudes that are due exclusively to tudes r°(O,, ) for incident plane waves then becomes
multiple-scattering processes, and we have found that (a,3 = s,p)
these correlation functions have a complex physical
content. (ra(6,,I6n )r(*iO2 ) = dxi dx,

The results of this paper show that when the scattering -f
amplitudes are due exclusively to multiple-scattering pro- x exp[-itk,lxl -k,2x,']

cesses the real part of the amplitude correlation function
has two distinct peaks whose full widths measured be- x (j0 (x,)j*•(x,')exp{-i[afk,,)ýIxt) - aik,.y,'(x].
tween adjacent maxima are A/a. A maximum occurs ei- ;A21
ther when the two amplitudes are identical or when they
are related by the reciprocity condition. In the reciprocal The statistical properties of the expression in angle

configuration the roles of the outgoing and the incoming brackets has been studied by Brown, using the stochastic

directions are interchanged between the two scattering Fourier-transform approach to rough surface scattering.

amplitudes. We have suggested that the angular width of The method also uses the exact expression for the scat-

the interval of angles of incidence over which direct or re- tered field derived from Green's second integral theorem.

ciprocal scattering amplitudes are strongly correlated is Equation (21) of Ref. 29 may be used to obtain the behav-

idistance sepa- ior under translation along the mean surface of the statis-inversely proportional to the characteristic tiaimoetsofanceep sepa-xI] it te e
rating the first and the last reflection of a multiple- tical moments of.jo(x)exp[-ialk.)ý(x•], with the key

scattering path on the surface. A good estimate of this result that this random function may be written as the

mean free path for the surfaces considered here is the product of the incident field evaluated on the mean sur-

transverse correlation length a. Finally, we have clearly face times a stationary random process. The quantity in

demonstrated the constructive interference of the direct- angle brackets in Eq. (A2) may thus be expressed as

and the reciprocal multiple-scattering processes by calcu- (j0 (xl)jo*(xl')exp{-i[a(k,l)C(x 1 ) - aik,2 )ý(x,'1lb
lating the amplitude correlation functions at angles of
incidence and of scattering close to the retroreflection - expli(k,ixi - kzxl')]XoA[a(k,1),a(k, 2),1xi - xi]. A3)
direction.

With this equation, the amplitude correlation in the case
of the incoming plane wave of Eq. (A2) becomesAPPENDIX A: STATIONARY EXPRESSION

FOR THE SOURCE FUNCTIONS (ro(O, Ie,)ra*(o,2 i)

In this appendix we show how the expression of Eq. (13) = 3((k,1 - k. 1) - (k,2 - k, 2 )]Cas(k,,k,,. k,,. , A4)
for the correlation of scattering amplitudes characterized
by arbitrary directions of incidence and scattering and ar- where
bitrary incident and scattered polarization states may be Cp(h,,, k12, ksi)
obtained from a result derived by Brown."3 0  The only
assumption necessary is that the rough surface profile 2k
must be a stationary random process. 2 lrjds expt-is~k, - k 5 1 ]•atk,,.a~k 2 , s] 'AS'

For one-dimensional surfaces, the s- and the p-polarized
electromagnetic scattering problems reduce to the scatter- and C.0 is taken to depend only on the independent wave
ingofa scalar field with Neumann and Dirichlet boundary vectors (k,1, k,2, kl), the wave vector k.2 being determined
conditions, respectively. The scalar field corresponding through the argument of the Dirac delta function bi xi.
to thep- [(E,, E.) - (1,0)] and the s- [(E,, E.) - (0,1)] po- For surfaces with stationary statistics, a correlation be-
larized incident electric fields in Eq. (1) is given by Eq. (1) tween scattering amplitudes may thus exist only if the dif-
itself, in which the quantity in square brackets must be ferences between the parallel components of the incident
replaced by unity." Green's second integral theorem is and the scattered wave vectors are equal for both scatter-
then used to obtain the scattering amplitudes r,(O,) and ing amplitudes (ks - k,i - k, 2 - k,2 ) or, equivalently. if
r,(O,) in the form the changes in the parallel components of the incident

.1 kand the scattered wave vectors are equal ,k,, - k,2 )
r.(#,) -fdx 1 exp i -i [xI sin 0. + 0(x )cos 0 0 k, - CO. This necessary condition is identical to that

Ic derived within the Kirchhoff approximation' 2 and may be

a - ps. (Al) interpreted as the law giving the angular rotation of the
speckle pattern when the angle of incidence is varied."

Expressions for the source functionsj.(x1 ) may be found Next we consider .he case in which a Gaussian beam
in Ref. 7. with a fixed transverse width w illuminates the surface.

The correlation of the scattering amplitudes at scatter- When the incident plane wave exp[ kxl - iaik •x.] is mul.
ing angles 8.1 and 0.2 is first considered for plane waves tiplied by (ww/[2V/-'catk,)])exp(-{(w/,clwtk - k, )/
incident at angles O0i and 0,2, respectively. The inci- [2a(k,)]}2 ) and integrated over all k, the scalar field of
dent scalar fields are then erp[ik,,x 1 - ia(kt,)x 3 l] and Eq. (1) is obtained with a good accuracyV. The amplitude



40
T. R. Michel and K. A. O'Donnell Vol. 9. No 8iAugust 1992 J Opt Soc. Am A 1383

correlation for Gaussian incident beams then becomes plitude concerns an incident Gaussian beam scattering
into a plane wave of the angular spectrum. Nevertheless,

1 we present here a consequence of the reciprocity condition

" c 4rr\c/a(k, 1 )a(k,2 ) that is used in Section 4. Starting with the reciprocity

w ) w (k, -k,,)21 condition r.(8, 0,) - r.(-O,, -6,), Eq. (A6, is used to com-

X f dk, dk, expI-/--!) pare (ro(O, I 0,)r,8(0.2 0,2)) with (ro.(O,(, 1 0)rp*( -,2.
L 2 c a 2k,/ ) i The identity C~,(k,,, k,2 , k,) = Co0(k,,,-k, 2,k,,) is ob-

f('ww'\u,2 (k, - k,,)2] tained, and Eqs. (12) ard (A7) may be used to derive the

X exPL( 2c a'(k,2)J identities

x 8[(ki - k.,) - 4A2 - k. 2)C,8(ki,k 2,k.j). (A6) (cos 2 0,, + cos 2 0,2)12(A(8O,,l, 8ji,1,a•iAX(8 2,0,82 ,2, a2))

Next we assume that the correlation fnction is nearly = (cos2 0,9 + cos 2 0.2)' 2(A(),1 , 2 , 0,. a,

constant over the angular width of the Gaussian spectrum x AX(-0,2,1621 - 0.2, 2 1)
A cos 8,1w. This is equivalent tn the assumption that the cos 2 

a', + C0 2
2  8,, a,)

angular width of the speckle is much smaller than the an-
gular width of the correlation; the results of Section 3 jus- X AX(0. 2, 2 210,2, a 21) tAll)
tify this assumption. It follows that C,#(k,,, k, 2, k,,) may
be factored out of the integral in Eq. (A6), which may then A manifestation of the reciprocity condition in the correla-
be performed exactly. The resulting approximation for tion of the scattering amplitudes for incoming Gaussian
the amplitude correlation function may be written as beams is thus established.

( r0 w exp{-(ww/2c)9[(k,, - k,1) - (k,2 - k, 2)]2/[a 2 (k,,) + a 2(k,2)}C(k, ) 7(r.(0,1)r8*(0,2)) = 2±ý ' (a2() + 0(k2)]•.k I k,,k.,•).- WA)
c 2 V; [a2(k,,) +o(k,,))' 15 -2 2.I
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Experimental results are presented for the angular correlation functions of far-field intensity scattered by a
conducting, one-dimensionally rough surface that produces backscattering enhancement. A detailed study of
the special case of equal incident and scattering angles is presented, in which it is found that the intensity cor-
relation functions exhibit two distinct and equal maxima, both of which imply perfect correlation within ex-
perimental accuracies. One of these is an autocorrelation peak, and the second peak arises from the cross
correlation between two distinct intensities related by a reciprocity condition. It is found that, if the rough
surface is illuminated by a +450 polarization state, the angular correlation functions of scattered intensity po-
larized at -45* have broad structures that are interpreted as arising from single-scattering processes. The
scattered intensity polarized at +45' has quite different correlation functions whose properties are attributed
to multiple-scattering processes; this interpretation is based on generalizations of arguments presented in pre-
vious studies of backscattering enhancement. In support of these conclusions, rigorous theoretical results for
the angular correlation functions of scattered amplitude are presented.

1. INTRODUCTION densities), rigorous answers to these questions appear to
be quite difficult. In the context of speckle theory, pre-

The scattering of light by randomly rough surfaces has vious studies of the angular correlation functions have
been of considerable recent interest. For conducting sur- been presented by Pedersen" and by Leger and Perrin,"
faces with steep slopes and roughness comparable with who have applied the theoretical approach to surface scat-
the illumination wavelength, backscattering enhancement tering that is due to Beckmann and Spizzichino.2" Al-
has been observed in reflective scattering." This phe- though these authors derive relatively straightforward ex-
nomenon manifests itself as a well-defined peak in the pressions for the angular correlation functions, the results
retroreflection direction in the angular distribution of the are limited to single scattering because of the assump-
scattered light. For a surface rough in one dimension, tions of the Beckmann theory.
these peaks are apparent in the p- and s-polarized mean In what follows, we present measurements of the angular
scattered intensities.""5  A more comprehensive descrip- correlation functions of the intensity scattered by a one-
tion can be found in the Stokes matrix of the scatterer, dimensionally rough surface that produces backscattering
which contains the second-order moments of the p- and enhancement. We show experimentally that the far-field
s-polarized scattered amplitudes."6'1 7  These effects have scattered intensity may be effectively perfectly correlated
been interpreted as arising from the ensemble-averaged for quite different angles of illumination, as long as the
interference between multiple-scattering paths on the two scattering angles involved satisfy a reciprocity condi-
rough surface, tion. At other angles we find a smaller but generally

Although the most obvious consequence of multiple nonzero correlation between the two intensities, if the
scattering has been backscattering enhancement, there four incident and scattering angles involved satisfy a con-
may be equally significant effects on other fundamental dition discussed by Pedersen"9 and by LUger and Perrin.'
quantities such as the correlation functions of scattered Further, depending on the polarization component of the
amplitude or intensity. These correlation functions have scattered field that is measured, it is shown that different
been of wide interest in studies of laser speckle phenom- forms of the intensity correlation functions are found. It
ena,'i in which single-scattering models have been applied is argued that intensity correlation functions consistent
to surface scattering. Nevertheless, the effect of multiple with either single or multiple scattering may be observed
scattering on these basic quantities has not been widely and that these correlation functions provide consid-
addressed. erable insight into the scattering processes occurring on a

The far-field scattering properties of rough surfaces rough surface.
have been a central issue, so that it is of interest to investi- We also note that the results presented here have coun-
gate the angular correlation functions of the scattered terparts in recent studies of the angular correlation func-
light. We thus ask the fundamental questions: When will tions of intensity scattered by disordered volume media.
the amplitudes (or intensities) scattered into the far field The intensity correlation functions have been investigated
for different incident and scattering angles be correlated by using approximate theoretical approaches that incorpor-
with one another, and what form will these correlation ate multiple scattering,22 -.4 and some experimental results
functions take? Even assuming a reasonable statistical have been presented.2" 2" In this field there are also theo-
model of the surface roughness (such as a statistically retical studies of the consequences of reciprocity"7 and po-
stationary random process with well-behaved probability larization2 that parallel experimental results presented
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in this paper. Despite these similarities, the theoretical correlation function in the large surface roughness limit.
approaches as well as the form of the intensity correlation Although the results of Liger and Perrin are written ex-
functions are quite different from those found in surface plicitly for their case of interest (when changes in 0, and
scattering. 9, are small), their results are applicable to general angles

Finally, it is important to note that a theoretical study and are entirely consistent with Eq. (3).
of the angular correlation functions of amplitudes scat- There are a number of restrictive assumptions in the
tered from a perfectly conducting rough surface has analyses of Ref. 19 and 20 that lead to Eq. (3). For ex-
recently been reported 29 that is highly relevant to the ex- ample, the surface height statistics are assumed to be
perimental results presented here. In particular, the Gaussian, there is neglect of depolarization, and there are
significance of polarization, reciprocity, and multiple scat- other assumptions associated with the Beckmann theory
tering in the correlation functions of amplitude is ad- (for example, the neglect of multiple scattering and shad-
dressed theoretically in Ref. 29, much as discussions here owing). However, in recent work based on completely rig-
consider the role of these phenomena in the experimental orous theoretical methods, it has been shown that Eq. (3)
measurements. The correlation condition presented here is a necessary condition for a correlation to exist for a per-
[Eq. (3) in Section 2] and the effect of a finite illuminating fectly conducting rough surface."' Thus Eq. (3) has pro-
beam are also investigated rigorously in Ref. 29. As is vided the choice of angles used in the experimental work
discussed here in Sections 3 and 5, the relation between of Section 4, even though, to the best of our knowledge, a
the theoretical correlation functions of amplitude and the proof of this correlation condition for a penetrable surface
experimental ones of intensity is expressed quite simply has not been presented in previous work. In any case, it
by the Gaussian moment theorem, is certainly true that, in the experiments described in

Section 4, correlations (in the scattered intensities) were
2. DISCUSSION found only for angles obeying Eq. (3).

With the assumptions mentioned above, L~ger and
As Fig. I shows, consider a one-dimensional rough surface Perrin showed that, for angles satisfying Eq. (3), the ampli-
illuminated by a wave incident at angle 9,. Let A.(0,,,.) tude correlation function takes on an exponential form
represent the a-polarization component of the amplitude that, at least in their cases of interest, is a smoothly decay-
scattered to angle 9, in the far field. The general angular ing curve when plotted as a function of (09, - 8,2). The
correlation function of scattered amplitude may be writ- purpose of the present paper is to investigate analogous
ten in the form correlation functions when the surface causes multiple

scattering and depolarization, which is a regime well be-
C&0(61,6,ss,,2,0*2) "i- (A.(8j,8,6)As*(0, 2,0, 2)), (1) yond the limitations of the Beckmann theory.

where the angle brackets denote an average over an en-
semble of surfaces. If a and 0 represent the p- and 3. EXPERIMENTAL PROCEDURE
s-polarization components, these quantities reduce to Although it is possible to measure the angular correlation
the elements of the Stokes matrix in the special case functions of the scattered amplitudes by usng interfero-
(01,0,4) - 0 so that Eq. (1) is clearly a more gen- metric methods,20 we have employed simpler means to
eral moment of the scattered amplitudes. measure the correlation functions of the fluctuations of

The other properties of Eq. (1) are not immediately ob- scattered intensity. Of fundamental interest in such ex-
vious, and it is important to determine for what other periments is the quantity
angles the scattered amplitudes may be significantly cor-
related. Some previous work may give insight into this F.0(d,64,6,,,0,2 ) - (Al.(8,14,04)A100(2,0,2)), (4)
question. Using scattering models that neglect polariza-
tion and assuming angles to be small, it has been shown in where AI. denotes the fluctuations of the a-polarized in-
investigations of laser speckle's that, if 0,1 - 0,2, a correla- tensity about the mean. If the illuminated area contains
tion exists in the scattered field when many correlation cells of the surface, it is commonly as-

sumed that the Gaussian factorization theorem may be ap-
06,, - 0,21 S A/w, (2) plied.'•' Applying this to the moment of Eq. (4) results in

where w is the illuminated width of the surface and A is
the wavelength. In more general analyses based on the r.,(6,1,0,9,,, 2,4,2 ) -=0 . 2

Beckmann approach to surface scattering," Pedersen"
and also Liger and Perrin20 have investigated moments of
the form of Eq. (1). Pedersen's results, when applied to a
one-dimensionally rough surface, imply that a correlation
can be found only for angles satisfying

sin(8,,) - sin(0,,) - sin(0,2) - sin(O.2 ) (3)

and that a correlation will exist as long as this equality .-.-.
is not violated by more than Aiw. This result may thus
be considered a generalization of relation (2) to arbitrary
incident and scattering angles. L6ger and Perrinn have Fig. 1. Scattering of light by a one-dimensionally rough surface.
used a similar approach and have calculated the amplitude The incident and scattering angles 0, and 0, are positive as shown.
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so that the intensity correlation function is trivially related scattering angles to be set as required. A polarizer in the
to that of the scattered amplitudes. In the experiments incident beam produced a +45' polarized incident state,
discussed below, we thus consider correlations between and the detector polarizer could be set to =45' polariza-
intensities for incident and scattering angles related tion positions.
through Eq. (3) because Eq. (5) then implies that these A field lens imaged the surface onto the detector ele-
angles will produce the only significant correlation. ment so that all power passing thr-ough the lens aperture

We have chosen to consider the correlation function would be detected. In the lens aperture was a slit of
of intensity such that one intensity corresponds to the 150-pAm width and 2.0-mm vertical length. The narrow
symmetric situation 0,1 = 0,1, which, from Eq. (3), im- slit resolved the (effectively one-dimensional) speckles of
plies that a correlation will be found only with other sym- the scattered field in the sense that, at the distance R of
metric intensities with 0,2 - 8,2. We have also employed the field lens from the surface ýR = 700 mm). the width
polarization conditions that, for a highly conductive one- of the slit was much smaller than the speckle size iAR, D
dimensional surface, isolate the single- and multiple- 3.5 mm). The scattered light was detected by a cooled
scattering contributions to the scattered intensity. It has indium antimonide photodiode connected to a lock-in am-
been shown that, if the surface is illuminated with a +45* plifier d1thaco 3981), which served to reject ambient
incident polarization state (equal p and s amplitudes), the signals and other noise.
mean scattered intensity with -45* polarization contains The correlation functions were ditermined by measur-
contributions from single scattering, while the mean in- ing a set of realizations of the intensity for a particular
tensity with +45* polarization contains contributions pair of incident and scattering angles, recording the data
from double scattering.'" 7 Thus, to investigate the dis- on a computer's hard disk, and later cross correlating this
tinct effects of single and double scattering on the inten- data set with analogous data taken for other incident and
sity correlation functions, we have chosen to measure scattering angles. To achieve this. we first set the sample

and detector stages to an initial pair of angles (8,. 8,1
r.*(0,,9,1 ,6, 2 ,e,2) - (AI.(e, 1 ,8,)AI.(e,2,0, 2)), (6) and recorded the detected intensity. The sample was

r--(,,,,,2) -(oA,,(A-0, 2 ,0,2 )), (7) then moved by an amount Ax in a direction parallel to
the surface roughness, and the corresponding new value

where the subscripts denote the ±45° detected polariza- of the scattered intensity was recorded. The stepping of
tion state and it is implicit that the +45* polarization the sample was repeated many times with the use of a
state is incident. computer-controlled linear translation stage, so that a fi-

The rough surface was strictly one dimensional and was nite ensemble of detected intensities was generated and
fabricated in photoresist by using speckle-exposure tech- then recorded on the computer disk. The incident and
niques. A 50 mm x 50 mm glass plate was spin coated scattering angles were then changed to new values, the
with three layers of Shipley 1375 photoresist. The pre- sample translator was reset to its starting coordinate, and
pared plate was exposed to laser speckle patterns from a the process was repeated. After this had been performed
He-Cd laser operating at 0.442-pzm wavelength and then for all desired incident and scattering angles, the correla-
was developed in Shipley 355 developer. As has been tions between the sets of data were determined through
discussed in more detail elsewhere,2 '-30 exposure to a large direct computation.
number of independent speckle patterns leads to a sur- The sample step size Ax that was used was 125 p•m.
face with nearly Gaussian height statistics; further, the which was found to provide an approximately 0.5 correla-
Gaussian beam of the laser produces a height correlation tion coefficient between consecutive intensity measure-
function of Gaussian form. After the surface was devel- ments. The length of the surface that was used was
oped, it was coated with 145 nm of gold, and its roughness limited by the range of the linear translator (26.5 mim), so
was measured with a Talystep profilometer with a small that 212 intensities were generated for each pair of inci-
chisel-shaped diamond stylus. A total of 20 scans of inde- dent and scattering angles. Measurements of the inten-
pendent parts of the surface were made, with each scan
consisting of 8192 data points taken at 0.23-pLm intervals, detector Wid lens
The surface height was found to have 1.73-pAm standard M M
deviation and a correlation function of nearly Gaussian 00 sampi
form with Ile half-width a - 3.43 pLm. The histogram of r
surface heights also provided a reasonable fit of the de- stages
sired Gaussian form (coefficient of skewness, -0.19; kur-
tosis, 2.90).

A simplified diagram of the scattering experiment is M
shown in Fig. 2. A laser beam from a Jodon HN-20 He-Ne
laser of wavelength A - 1.152 p#m was reflected from a
series of mirrors and was incident upon the rough surface; Fig. 2. Scattering experiment used to measure the angular cor-relation functions of intensity scattered from the rough surface.
the plane of incidence was kept perpendicular to the sur- The incident beam was reflected by a series of mirrors (M's1.
face groove direction. The beam was focused to a waist passed through a polarizer (P) that produced a +45' polarization
of lie intensity diameter D - 230 j•m on the rough surface state, and was then incident upon the rough surface. One may
(as estimated from the measured rate of speckle decorre- rotate the surface about the vertical axis to determine the inci-

dent angle 6, and rotate the detector arm out of the plane of the
lation with transverse sample motion). Both the rough figure to determine the detected scattering angle 0,- A slit of
surface and a detector arm were mounted upon computer- 150-gsm width (not shown) was mounted immediately in front of
controlled rotation stages that allowed the incident and the field lens.
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sity 1. were performed for 82 pairs of angles 0_, ,), be- a scattered amplitude at a point in the far field, this am-
tween (-360, -360) and (36* 360). and measurements of plitude is identical to that obtained by exchanging the in-
IL were performed for 40 pairs of angles between (-40', cident and scattered wave vectors.3" Hence, for a given
-40') and 140, 40'1. The particular angles employed realization of a rough surface, the scattered amplitude for
wer2 chosen to provide adequate sampling of the correla- angles (0,, 0,) is expected to be completely identical to that
tion functions. obtained for the angles (-0., -,). Consequently one

There were a number of critical practical concerns in would expect not only the two distinct peaks in the inten-
this experiment. Considerable care was exercised in cen- sity correlation functions of Fig. 4 but also the symmetry
tering the incident beam upon the rotation axis of the that is apparent throughout these results. Reciprocity
sample stage as well as in aligning the plane of the rough also implies that even the residual statistical noise in the
surface with the sample rotation axis. Misadjustments of measured correlation functions should also be symmetric;
either of these parameters by as little as a few tens of mi- this symmetry is evident in the small fluctuations that
crometers would lead to an undesired decorrelation of the appear to be noise in Fig. 4.
scattered intensity because different parts of the surface The statement of reciprocity above does not strictly
would be illuminated as the sample was rotated. Other apply to the experimental situation. In the experiment
crucial aspects of the experimental alignment were the the surface is illuminated not with a plane wave but with
angular orientation of the sample, determination of the a beam, and we are detecting the scattered intensity inte-
polarization angles, and the adjustment of the detector's grated over the angular width of the detection slit rather
rotation stage with respect to the incident beam. After than the intensity at a point in the far field. However, we
much effort was expended on such considerations, it was may still surmise from our results that the symmetry of
found that the system remained in alignment and that the experimental situation is entirely adequate to demon-
adjustments were not required during the extended ex- strate the consequences of reciprocity in the near-perfect
periment required to produce the results discussed in symmetry of r__ and r.. in Fig. 4. We also attribute any
Section 4. small departures from perfect correlation between an in-

tensity and its reciprocal counterpart as being due to re-
4. EXPERIMENTAL RESULTS sidual alignment errors, although our results clearly

demonstrate that these are small. In any case. the mani-
Before the correlation functions are presented, in Fig. 3 festation of reciprocity in the experimental results is re-
are shown the mean scattered intensities (I.(,,0,)) and markably consistent with fundamental considerations.
(IL (6,, 0,) obtained from averaging the data sets. There It is otherwise clear in Fig. 4 that the peaks in F_ - are
is a distinct backscattering structure in (I.(6,,8,)) with of -7° full width (as measured at the half-maximum
secondary maxima at ±t7.0', The intensity (I_(6, ,8,)) point), and there is nearly complete decorrelation of the
does not exhibit such effects but instead has a weak maxi-
mum near 0' and then gradually rises to modest second-
ary maxima at -15.00. These data have been normalized 0.6
in the sense that I= (0,6,,)A0 represents the polarized
power scattered into a differential scattering angle Ae for
an incident power of unity. It is significant that this pre- 04
sentation of the mean scattered intensities is different
from that of most previous work, where the intensities 0.2

have been studied as a function of 8, for a fixed value of
9,.i-7 Although we do not show these results here, the 0_0
scattered intensities and Stokes matrix elements of this
surface, when plotted in the usual fashion, qualitatively al
resemble those reported for a different surface." Fig 3. Mean scattered intensities (1-4_8,) Icircles) and

We first present the intensity correlation functions when U. K, 0,)) (squares) obtained by direct averaging of the data.
one of the intensities corresponds to a relatively large inci-
dent angle. In Fig. 4 we show r--. 1 ,6,,,6, 2,8,2 ) and
r-04,8,0,04) as a function of 0,2 for 0,1 - 25.0°. ., 25.0
It can be clearly seen that each curve has a pair of distinct 0-10
maxima. The maximum at 0,2 - 25.0' obviously arises 0.10
where an intensity is being correlated with itself. The 0.06
other maximum falls where I= (25*, 25*) is correlated with oo0
I_(-25*, -25°), which corresponds to a reciprocal scatter-
ing configuration. The correlation coefficient of intensity o.os r.
p at 0,2 - 25.0* is obviously unity, while at 0,2 - -25.0' we 0.00 1---*
find a strong recorrelation with p - 0.91 for both 1. and L_.

The peak at 6,2 - -25.0°, as well as the overall sym- 40 -30 20 10 0 10 20 30 40
metry of the correlation functions, is related to the reci- 6.
procity condition of scattering theory,"1 which follows Fig. 4. Measured correlation functions of -45'-polarized and

+45°-polarized scattered intensities r-.(- 0,2.O,2, t. andfrom the time-reversal symmetry of Maxwell's equationst r...s,.,6,1,9,2,92 for io - 25.0-. The autocorrelation and re-
Reciprocity may be expressed as follows: ifascattereris ciprocal peaks are present at 0,2 - 25.00 and 0,2 - -25.0',
illuminated with a polarized plane wave and gives rise to respectively.
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0,1 = 15.00 0,2 - 00. It is significant that the maximum height of the
015 • central lobe occurs when 8,a - 7.0°, which is the location

0.0 r.. of a secondary maximum of (10,1 ,9,) in Fig. 3. The

005 correlation function r__ does not exhibit such dramatic

0.00' behavior, and the progressive merging of the forward and
reciprocal parts of the correlation function is apparent,

0.10 although the two peaks at 8,2 = 7.0* are still distinct.

Cos We find that the central lobe of r.. is reduced in height
o. \ ~ . \ . with further decrease in On until it disappears at 8,1 -

00 - ,_ _ 3.5', which is the case shown in Fig. 7. There is a pair of
-40 -30 -20 .10 0 10 20 30 40 small maxima in r.. at the forward and reciprocal posi-

19 2 tions. At the reciprocal point the correlation coefficient
Fig. & Measured correlation functions of -45°-polarized and of I. is p - 0.98, although this rapidly falls to p = 0.03 at
+45'-polarized scattered intensities r-(. h ,, and 0,2 - -2.0*, and this coefficient remains essentially zero
r..(,1.0,1,04,,20 ) for 6,0 - 15.0°. The autocorrelation and recip- until the forward lobe of the intensity correlation function
rocal peaks are present at 0,2 - 15.0* and 0,2 - -15.0*' respec- is encountered near 0,2 - 3.5". It is significant that the
tively, and some overlap may now be seen between the two peaks
of r_ angle Oa - 3.5* is the location of a minimum of 0 -. 0,

in Fig. 3. Although there are these dramatic differences
in r.. compared with r.. in Fig. 6, the other correla-

intensity for angles 10,21 < 15'. The correlation function tion function r__ continues to show modest changes in
r.. has analogous behavior with smaller heights and an- Fig. 7. It can be seen that r__ again exhibits a broad
gular widths. We believe that the small structure present form with peaks at the forward and reciprocal positions,
in r.. near 0' is due to the noise in the measurements, although the shape of the curve is unusual in that there
which is significant there because (1.(9,2,4,2)) is large in are minima appearing at 0,2 - ±10.0°.
this region, although we cannot conclusively justify this in As 0,1 is reduced further, a central peak with secondary
view of the noise levels present after 212 realizations of maxima reappears in r.., and for small 8,1 this central
the scattered intensities. The normalization of the corre- maximum becomes extremely strong. In Fig, 8 is shown
lation functions in Fig. 4 (and in following figures) is such
that the mean intensities are normalized as in Fig. 3, and
the smaller height of the peaks in 1>÷ then only implies 8, = 7.0*
that (I.(9,2,0,2)) is smaller than ((-0, 2 4,, 2)), which is 0.15 .. .. . _
apparent in Fig. 3. 0.10 r. -

Making use of the same sets of intensity data, we have o0.s
studied the form of the intensity correlation functions as _-------- ----
9,i decreases from 25.00 to nearly 0', in which case the
intensities are correlated with a backscattered intensity. 0.15
In what follows, only the most significant results are 0.10 r.. I
shown. When 9,, reaches 15.00 we have the result shown
in Fig. & There are forward and reciprocal correlation 0.o5

peaks present in both correlation functions at 9,2- 0.00
±15.0*; the correlation coefficient p of the reciprocal peak -40 -30 .20 -10 0 10 20 30 40
is 0.99 and 0.98 for 1. and IL, respectively. The forward 0,2
and reciprocal parts of r__ are no longer completely dis- Fig. 6. Measured correlation functions of -45°-polarized and
tinct as was found for Fig. 4, and this correlation function +45°-polarized scattered intensities F (0,.,.,. O and
remains significantly nonzero near 0,2 - 0*. The corre- r..(6n,,9,,,e,2 ) for S,, - 7.0*, where there is significant inter-
lation function r.. has a greater height than in Fig. 4 action of the two peaks of r..
but has remained fairly narrow (2.50 full width at half-
maximum), and the two peaks present have remained dis-
tinct from each other. 0. 315

With a further decrease in 0,1, similar results are found .s
until the two peaks in r.. approach each other. At first, 0.10

one finds that r.. increases in size near 9,• - 00 for 0.05

8,1 m, 10.0", and this central region continues to grow until 0.00 . -..-
the situation at 9,a - 7.00 is reached as shown in Fig. 6. It
can be seen that r.. has the forward and reciprocal peaks COS ...
present as in the earlier figures with their maxima at o.o -""
0,2 - ±7.0*. It is remarkable that at intermediate angles

the intensities completely decorrelate at 0,2 - ±4.0° and .40 -30 -20 .- 0 0 10 20 30 40

then significantly recorrelate near 09, - 0°. We find at 0.,
the reciprocal point that the intensities 1. have a correla- Fig. 7. Measured correlation functions of -45°-polarized and
tion coefficient p - 0.95, although this rapidly falls to +45*-polarized scattered intensities . (6,,, 8,. 6,, and

r.-(4,1,04,0,,9 ) for Oa - 3.5°, The central maximum present
p - -0.08 at the minima at 0,2 - ±4.00, and then p rises in r.. in Fig. 6 has completely disappeared, and only small auto-
to nearly 0.50 in the central region of the maximum near correlation and reciprocal peaks are present in r-...
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,o - 0.5* tistical noise present in the measurements. This noise is

01 i directly related to the effective number of statistically in-

0.10 F.A dependent intensity measurements used in the estimates
°05 •of the correlation functions. More practically, it is then

0.0o0 dependent on the length of the surface used in the experi-
ment. As described in Section 3, this length was 26.5 mm
because of the travel limit of a translation stage, although
the statistically uniform region of the rough surface was

030 F.only slightly larger than this. Hence the noise in our re-
sults is at the practical limit imposed by the severe dif-

0.20 ficulties encountered in the fabricaion of photoresist
surfaces with significantly larger uniform areas. From

0.10 Ithe higher-order moments of the detected intensities, we
0.,0 jcan also provide estimates of the signal-to-noise ratio of

the measurements. We estimate the signal-to-noise ratio
o0o -...... of the correlation functions of I. (as opposed to the corre-

- -0. 2 30 4lation functions of AI=, which have zeros in placesi to be4,2 6.0, although this number varies by approximately :1.0
Fig. 8. Measured correlation functions of -45°-polarized and throughout the correlation functions.
+ 458-polarized scattered intensities f- - 4*pol, 6, ,2,9,2 and Although detailed data have been taken only for the sym-
r- .(6,1,0,O,,,2,8,2) for C,1 - 0.5*. which is the smaUeot useful angle metrical case 6,1 = 6,1 and 0,2 - 8,2, we have investigated
in the experiment. On comparison with Fig. 7, r-_ has corn- asymmetrical cases. For example, we have confirmed ex-
pletely changed form and exhibits a large central maximum, zeros perimental reciprocity for asymmetric conditions such as
at 0,2 - =3.5', and significant recorrelation for larger 16,21. (6,, 8,) - (2.0*, 40.01). We found that the reciprocal con-

figuration generated a set of intensities that had a differ-
the case 6,• = 0.5', which is the smallest useful angle in ent mean but that was effectively perfectly correlated
the experiment before the final mirror in the incident (p > 0.9) with the original one. We have also checked the
beam in Fig. 2 obstructs the detector slit. There is again correlation law of Eq. (3) for asymmetric intensities. Al-
a remarkable change in the form of r_, with a high cen- though we do not claim to have performed exhaustive tests
tral peak, a rapid fall effectively to zero at 0,2 = ±3.50, a of this correlation condition, statistically significant cor-
recorrelation near 0,2 = -8.0°, and finally a more gradual relations have only been found for angles obeying Eq. (3),
decay for larger 10,21. The correlation coefficient of I. at and other angles have not produced significant results.
the minima is found to be p - -0.05 at 6,2 - -3.5', and
this increases to approximately p - 0.41 at 6,2 - t9.0°. In
contrast, the correlation function r__ shows a modest
change in form compared with r__ in Fig. 7, and the In the experimental data discussed in Section 4, no statis-
nearly complete merging of the forward and reciprocal tically significant cross correlations between .11. and AI_
lobes seen in previous results is apparent. were found. This indicates that r.. and r__ are of princi-

At this point it is clear that the two intensities 1. and I- pal importance for such a surface because the total scat-
have completely different correlation functions, with the tered intensity for the +45* incident polarization state is
behavior of r.. being quite remarkable. To illustrate
fully the properties of r_., we show a three-dimensional I - I. + I_, (8)
plot of the experimental results in Fig. , where r.. is and the correlation function of Al may then be expressed
plotted as a function of 6,O and 0,2. The continuous
change of form of r÷÷ for Oi among the cases shown in
Figs. 4-8 is made clear in Fig. S Along the line 0,2 - 0°,
the strong maximum at 6,O - 0.50 can be seen to decay
rapidly and disappear at Oil 3.50, although this maxi-
mum reappears near Oi - 7.00, and then finally vanishes
for large Oi. The secondary maxima at 6,2 - ±7.0' that 010
are strong at 6,O - 0.5° similarly vanish at 6,O - 3.5' and o2D

return near 6,O - 7.0'. For Oi greater than -10", these 0.1

secondary maxima are seen to evolve into the forward and 01
reciprocal correlation peaks that are apparent along the oil 0 to- 2
lines 6,1 - 6,2 and Oi - -0,2, respectively. N* OR

There are a number of general comments concerning o"
the experiment that are appropriate. First, the average -
intensity contrast o-,/(1) found in the experimental data ea
was 0.92 for both I. and IL. A contrast of unity is consis- Fig. 9. Three-dimensional plot of the correlation function of
tent with the Gaussian field assumption discussed in +45"-polarized scattered intensity r.-b9,1 ,,,9, 2 ,9,. The back

face at the left is the result at 6,a - 0.5* from Fig. 8. and theSection 3; the lower measured value may be attributed to suppressed region at 8,a - 3.5' is from Fig. 7. The evolution of
the small effects of spatial integration of the detected in- the fringe]ike structures into the forward (8,1 - 0,2) and recipro-
tensity." A significant related topic is the amount of sta- cal (0,1 - -0,2) parts of r.. is apparent for larger 0,1.
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as the sum of four terms. Two of these involve cross cor- These follow from the four phases of the form of Eq. 110) as
rela, .ons of Al. and AL and are small, while the two sig-
nificant terms are the correlation functions r., and r-- of A4A AS " ½(A4~ - Atl,

Section 4. The procedures used in Section 4 thus sepa-
rate the two main parts of the correlation function of l, 40AAD - /(,10 + 40),

presumably because they isolate the single- and double- A4BA. As' - - ½(A/ + A'),

scattering contributions to the total intensity. AOe BA' - - '/2(A4 - A'), (12)
It is also possible to interpret the different behavior of

r.. and r--. It has been found that r-- has broad for-
ward and reciprocal lobes that progressively overlap one where

another as 0,1 approaches zero. To the extent that r__ is
associated with single scattering, we may compare these A46 - (k, + k,) - Ar, (13a)

observations with results for the angular correlation func- - + It') Ar, (13b)
tion of amplitudes predicted by the Beckmann theory,
which predicts a perfect correlation between amplitudes at
all angles of the symmetric case (0,1, 8,) - (0,1, 0,2).3 and an additive constant common to the four phase differ-

Thus the single-scattered amplitudes [and, from Eq. (5), ences of Eqs. (12) has been omitted.

the intensities] must decorrelate for subtle reasons that The quantities A44 and A44' are the phase differences for

are beyond the mechanisms included in the Beckmann the pairs of paths in Figs. 10(a) and 10(b), respectively.

theory. For surfaces with steep slopes as in Section 4, a Following previous interpretations of backscattering en-

probable mechanism contributing to the decorrelation of hancement from surfaces,1 .2
1213'1 5 this implies that the

Al- is shadowing by the surface roughness,3 425 which is a mean intensity should be enhanced when A - 0. a de-

significant effect for angles where decorrelation is seen in pleted intensity may be seen at angles where .1 - =A and

Figs. 4-8. some enhancement may return when A6 - =2r, although

The dramatic behavior observed in r.. in Figs. 4-9 the strength of the secondary maxima should be less be-

may be interpreted as arising from multiple-scattering cause of the fluctuations in Ar occurring on a random sur-

processes. While backscattering enhancement may be face. Such effects may be seen in (1.(6,, 6,)) in Fig. 3, and

understood as coherent interference between multiple- it is clear that the secondary maxima present are consid-

scattering paths and their time-reversed partners on erably weaker than the central one. In applying these ar-

a rough surface, we believe that the properties of r,. guments to the surface employed here, we find from the

may be attributed to coherent interference between two minima and maxima of (I.(0,, 0,)) in Fig. 3 that AU6 = =ir

distinct sets of suc' paths for different incident and scat- for 6, - -3.50 and that A40 - ±21r for 0, -±7.0'.

tering angles. First, it is clear that, if the Gaussian fac- These considerations provide considerable insight into

torization theorem is applied as discussed in Section 3, the form of r,. that is apparent in Fig. 9. For example,

the behavior of r.. is associated with the more fundamen- the large maximum at (Oil, 0,2) - (0°,00) is where 46 -

tal amplitude moment 40' - 0, so that from Eqs. (12) the four contributions to
C÷. have identical phase angles {0,0.0,01. As expected,

(9A r.. is then extremely large for this pair of angles. At
÷ - (0°,±'7.0°) there are secondary maxima in r--;

here we have that A4 - 0 and A4' - ±2w, and there is
The amplitude A.(0,,0.) contains contributions from the again coherent interference because the four phases of
pair of scattering paths shown in Fig. 10(a), and A + (0,', 0.') Eqs. (12) are {1±-r , .r, -r}. Of course, averaging over
contains contributions from analogous paths but for differ- fluctuations in Ar would give rise to a weaker maximum
ent incident and scattering angles, as shown in Fig. 10(b). than at (O,•a,.) - (0,0), which is consistent with Fig. 9.
In the usual far-field approximation, the phase delay along Related arguments may also be applied to the maxima of
the geometrical path A -- B in Fig. 10(a) is given by rF. near (0,04) - (7.00, ±7.0*). For example, at (0,1,0,2) -

(7.00, 7.0*) we have the case A0b - A4' 2r, so that the

ABs - k, • rA - k. - rs + kAr, (10)
(a) (b)

where k and k. are the incident and scattered wave vec- * /

torn, k - ikf = Ik.1, r^ and ri are vectors to points A and k-,

B, and k,. "
A 4 T

Ar - IAr - hrA - ral. (11)

The phase delays for the other three paths of Fig. 10 are of B A B A

a form analogous to Eq. (10). After inspection of the am- Fig. 10. Pairs of multiple-scattering paths occurring within a
plitude moment of Eq. (9), it is clear that there are four valley of a randomly rough surface: (a) a pair of paths for inci-
contributions to C.. that contain the phase differences dent and scattered wave vectors k, and k.; (b) the same pair but

with incident and scattered wave vectors kV and k,'. The contri.
A~s r A4 BA'.x, A#sA.', A4 BA, where, for example, buttons to the correlation function of +45°-polarized scattered

40".8-m' represents the phase difference between the amplitudes arise from interference between the four distinct
paths A -- B in Fig. 10(a) and B -- A in Fig. 10(b). combinations of one path of (a) and one of (b).
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phases of Eqs. (12) are {0.2fr, -21r,0} and there are again The incident beam was of Gaussian form with trans-
coherent effects. Including fluctuations in Ar, the net verse width 2w; the ratio wIL, where L is the total length
contribution to C. would be somewhat different from of the surface, was 4.5. First a realization of the surface
that found at (0,1, 0, 2) - (00, -7.0°), and it can be seen that profile was evaluated at N. - 400 equally spaced points.
there are indeed differences in the peak height and shapes the values of the incident and scattered field at the sur-
at these two locations in Fig. 9. face were then computed, and the corresponding realiza-

Further arguments may be applied to the four phases tion of the scattered field was obtained as a function of
of Eqs. (12) to explain qualitatively the minima seen in the scattering angle. The number of points N. used in the
Fig. 9, where either 0,1 or 0,2 is -3.50 and thus AO or SO' calculations was sufficient for us to obtain an accuracy of
is ±ti although detailed discussions are not presented 1% in the scattered amplitudes. This procedure was re-
here. We only note that the general condition at a recip- peated for 2000 realizations of the surface profile, and the
rocal configuration follows from Eqs. (13) as 44S - AO', realizations of the scattered field obtained in this fashion
and four phases of Eqs. (12) are then {JA4, 0, 0, -161. were used in the determination of the amplitude correla-
There is thus coherence between only two contributions to tion functions C.. and C_.
C.., but this is sufficient to produce the reciprocal struc- In Fig. 11 are shown the results that were obtained for
ture present in r.. throughout Fig. 9. It is interesting to C--(0,1 ,8,,,0, 2,0, 2) and C..(0, 1 A,6A,0, 2,0,2, for the sym-
note that there is enough residual constructive interfer- metric case (8,) - (,,,,) and for 0,a = 0. Both
ence to produce the small but distinct reciprocal peak in correlation functions contain significant real as well as
r.. in Fig. 7, where (6,1,1,2) - (3.5°, -3.5*) and A4 =- Jr. imaginary parts. The real part of C__ exhibits a mono-

These arguments are thus entirely adequate to enable tonically decreasing form that approaches zero near 0&, =
us to appreciate the physical origin of the features seen in 300, and the imaginary part changes sign over the range of
r_.. It is naive to consider the model presented too con- angles shown but remains small in magnitude. The corre-
cretely, but it is to be expected that the mean length of lation function C.. is quite different in behavior. The real
Ar must be comparable with the correlation length of a part of C.. is large at first, but it rapidly passes through a
Gaussian-correlated surface, and a modest range of statis- zero at 0,2 - 4.5° and becomes significantly negative and
tical fluctuation must be present, considering the pres- then becomes slightly positive for 0,2 2t 19°. The imagi-
ence of the secondary maxima seen in Figs. 3 and 9. In nary part of C.. is smaller in magnitude and oscillates
any case, these arguments may be more rigorously under- over this range of angles, with the extrema of Im C._ oc-
stood as implying that the paths shown in Fig. 10 are the curring at nearly the same angles as the zeros of Re C...
significant Feynman paths contributing to C.. and r.,.. The correlation function C__ presents a gradual and

Although a complete description of theoretical tech- monotonic decorrelation that is presumably due to slowly
niques is not appropriate here, we have carried out exact varying angular effects, while C.. shows an oscilla-
calculations of the amplitude correlation functions C..
and C--, using methods analogous to those used in pre- ea - 0
vious studies of the mean scattered intensities.'",'15 We
present only one such result here for a penetrable surface; 0.30 M

more comprehensive calculations of C.. and C__ for a per-
fectly conducting rough surface may be found elsewhere.2" 020-

As in the experimental situation, the plane of incidence was o.1o
perpendicular to the grooves of the surface; consequently
the p. and s-polarized scattering problems could be solved 0.00 --------..... ---
independently. Expressions for the p- and s-polarized
scattered amplitudes derived from Green's second integral 040

theorem were numerically evaluated for a beam of finite C..
width incident upon a realization of a one-dimensional, 0.30

randomly rough metal surface. The ±450 -polarized scat- o.2o
tered amplitudes were then computed from suitable com-
binations of the scattered p- and s-polarized amplitudes. 0.10

The wavelength of the incident beam was A - 1.152 jsm, _.0
and the complex refractive index of gold near this wave- 0.00 - .-.....

length has been reported as (n + ik) - (0,312 + i7.93).3 0.10o
The impedance boundary condition method has been em- 1
ployed because it has been shown to provide an excellent 0 10 20 30 40

approximation for surfaces of such high conductivity and
with radii of curvature similar to the case of interest Fig. 11. Theoretical calculations of the correlation functions of
here.3 7 The statistical properties of the surface profiles scattered -45°-polarized and +45°-polarized scattered ampli.

tudes C -- ,,6,1.9,a.9,2) and C..(,a.9oe,2.0,2) for 9,1 - 0 for a
were comparable with those of the experimental surface. one-dimensionally rough conducting surface. The solid and
Each profile was a realization of a Gaussian stochastic dashed curves denote, respectively, the real and imaginary parts,
process with a standard deviation of surface heights The assumed surface statistics are those of a Gaussian process

a - 1.5 A; the height correlation function was Gaussian with a Gaussian correlation function [height standard deviation
a - 1.SA, le correlation half-width a - 3A, complex refractive

with a transverse correlation length a - 3A. The ratio index 'kn + ik) - (0.312 + i7.93)). These results may be com-
u/a was thus sufficient to produce a significant amount of pared with the experimental measurements of r-_ and r.. in
multiple scattering. "17 Fig. 8.
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For a conducting surface with one-dimensional roughness, we compare experimental and theoretical results for
the four unique elements of the Stokes-scattering matrix that provide a complete description of the diffusely
scattered light. The rough surface has been fabricated with new techniques and is strictly one dimensional,
and scattered intensities at infrared wavelengths show clear backscattering enhancement that arises from mul-
tiple scattering within surface corrugations. To obtain theoretical results for the Stokes matrix elements, we
numerically apply an impedance boundary-condition method, appropriate for the roughness and the high con-
ductivity of the experimental surface, to a statistical ensemble of rough surfaces. The experimental surface
has been found to have nearly Gaussian first-order height statistics, and experimental measurements of the
matrix elements are compared with theoretical results for a surface consistent with a Gaussian process. These
comparisons suggest that there is more multiple scattering in the experimental data than is accounted for
by the theoretical calculations. We attribute this observation to the properties of the second derivative of the
experimental surface, which are found to be inconsistent with those of a Gaussian process. In further calcula-
tions that take account of the unusual properties of the experimental surface, excellent agreement of theoreti-
cal and experimental results is obtained.

1. INTRODUCTION agreement was found with the Kirchhoff method for small
angles of illumination.

The scattering of electromagnetic waves by randomly Of more direct interest here is a rough conducting sur-
rough surfaces has remained a challenging field of theo- face with strong slopes and correlation length comparable
retical and experimental research. There have been a with the illumination wavelength. It has been observed
number of theoretical approaches to the problem of scat- that multiple scattering occurs under these conditions and
tering by rough surfaces."6  These approaches are suffi- that backscattering enhancement may be seen in the dif-
ciently complex that, in the determination of physically fusely scattered intensity.',"s' Considerable development
measurable quantities, many assumptions are usually nec- of theoretical methods has been necessary to account for
essary. There has also been considerable experimental such effects. With the use of rigorous computational meth-
study of scattering from rough surfaces, though such re- ods that average scattered intensities over a statistical en-
search has also presented significant challenges. For ex- semble of rough surfaces,"5 backscattering enhancement
ample, it is usually difficult to determine the statistical has been predicted for surfaces with one-dimensional
properties of a rough surface,7 and the experimental pro- roughness."' 27  Others have predicted such effects from
cedures necessary for characterization of the scattering analytical extensions of the Kirchhoff method for surfaces
properties may be complex." Thus it is not surprising that are rough in one?725 or two2" dimensions.
that critical comparisons of theory and experiment are In comparisons of theoretical and experimental results
generally quite difficult in rough-surface scattering, for rough surfaces that create backscattering enhance-

The theoretical and experimental methods employed in ment, significant differences have remained. In particu-
surface scattering depend on the nature of the rough sur- lar, measurements of the p- and s-polarized intensities
face. For surfaces with roughness that is small compared scattered from approximately one-dimensional rough sur-
with the illumination wavelength, experimental measure- faces have been found to be significantly different from
ments of the angular distributions of scattered intensity the predictions af the numerical methods for a perfect
have been compared with the results of perturbation theo- conductor30.i; these differences have been most obvious
ries.9"' 5 In those studies significant differences have for large incident or scattering angles. As discussed in
been seen in critical comparisons."- 2  Better agreement Ref. 31, it is difficult to discern whether the disagreement
has been obtained through the less satisfying procedure is due to fundamental problems with theoretical methods
of adjusting theoretical results to fit data through as- or else arises from a number of possible experimental
sumptions for the statistical properties of the surface.'"-"5  errors. Ishimaru et al.2' have suggested that the differ-
For rougher surfaces, where the Kirchhoff method may be ences could arise from a roughness spectrum of non-
applied, measurements of the angular scattering distribu- Gaussian form, though the optical surfaces had been be-
tions of a rough surface have been compared with theo- lieved to have Gaussian spectra."'
retical results."6  Considerable care was taken in surface More recently, it has been appreciated that the prop-
fabrication and characterization in Ref. 16, and good erties of the light that is diffusely scattered by a one-
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dimensional rough surface are not fully specified by the cal methods developed in earlier research"-: to highly
p- and s-polarized scattered intensities. Instead, they are conducting surfaces. This method and the details of its
specified by the Stokes-scattering matrix,' which h'.,s four numerical implementation are described in Section 3.
unique elements in this case.32 '3 The additional informa- Because of the Gaussian first-order height statistics of
tion in the Stokes matrix elements is the cross correlation the experimental surface, in Section 4 we compare experi-
of the p and s amplitudes,"3 which may be determined mental measurements with numerical calculations for a
from measurements of four additional polarized scattered rough surface consistent with a Gaussian process, as has
intensities.2  Through comparison34 of theoretical results been done in previous studies.3"3- Our comparisons of
for a perfect conductor" with data for an approximately the Stokes matrix elements are good, but some differences
one-dimensional surface with similar statistics, 32 3 3 it be- remain, and in Section 5 we investigate the origin of these
comes clear that significant differences also appear in differences. We first demonstrate that the experimental
these matrix elements. Some of these differences (par- rough surface has curvatures that are not consistent with
ticularly those in the matrix element sit) are analogous to those of a Gaussian process. The experimental scatter-
those reported in the p- and s-polarized intensities,3 '0 3 1  ing data are then compared with further numerical calcu-
while previously unseen differences of significant magni- lations that take account of these unusual properties of
tude are present in other matrix elements, the experimental surface. Significant improvements are

Thus, for rough surfaces that produce backscattering found in these comparisons, and in the conclusions of
enhancement, there has been substantial development of Section 6 we summarize our interpretation of the results.
both theoretical and experimental techiques, both of which
should produce accurate results. Yet there is a clear lack 2. EXPERIMENTAL TECHNIQUES
of quantitative agreement, so the validity of both theoreti-
cal methods and experimental techniques must remain A. Surface Fabrication and Characterization
open to question. The resolution of this situation is We first discuss the fabrication and the characterization
clearly a highly significant issue. Hence, in the present of a strictly one-dimensional rough surface. Some aspects
paper, we discuss critical comparisons of theoretical and of our fabrication techniques are similar to those used in
experimental results for a one-dimensional rough surface earlier studies. 3'-" In this procedure a 50 mm x 50 mm
that produces backscattering enhanc,'ment. To provide a photoresist-coated glass plate was exposed to an aniso-
complete description of the diffusely scattered light, we tropic speckle pattern produced by a helium-cadmium
employ the four unique elements of the Stokes-scattering laser of wavelength A - 0.442 Am. In one direction this
matrix throughout these comparisons, speckle pattern had fine structure (approximately 3-Mm

In order to isolate clearly the nature of possible dis- e-" correlation width), but in the orthogonal direction it
agreements, we have carefully chosen our theoretical and had broad structure (correlation width of a few milli-
experimental techniques and parameters. We have con- meters). We have previously noted3 2 that direct exposure
ducted the experiments under conditions for which both of the photoresist to this speckle pattern, in the manner
the profilometric data and the scattering data should be used previously,30 -33 does not necessarily produce a surface
reliable. Specifically, we consider measurements of the .,vith strictly one-dimensional structure. Because of scat-
diffuse scattering from a strictly one-dimensional, metal- tering from optical components in the exposing system and
lic, rough surface that has nearly Gaussian first-order because of scattering in the photoresist itself, previous
height statistics and a Gaussian height correlation func- surfaces32' 33 had structures that were not entirely one-
tion. The surface has structures that are large enough to dimensional and therefore significantly affected the scat-
be well resolved by a mechanical profilometer but are corn- tering properties of the surface.
parable with the infrared wavelengths used in the experi- We have eliminated the above problem partly through
ments. Furthermore, the surface has been fabricated the use of low-scatter components and light baffles in the
with new techniques such that the scattered intensity re- exposing system. During exposure we have also slowly
mains strictly confined to the plane of incidence. This and continuously moved the photoresist plate 25 mm in
surface quality permits the absolute normalization of the the direction of the large correlation scale of the exposing
measured intensities and of all elements of the Stokes- speckle pattern. This guaranteed that the time-averaged
scattering matrix. The experimental techniques neces- exposure of the photoresist plate was strictly one dimen-
sary for fabrication, characterization, and study of the sional over the scanning length. Further, because a given
scattering properties of the rough surface are discussed in point of the plate was exposed to a large number of cor-
Section 2. relation cells of intensity, the net exposure had nearly

We have also employed rigorous theoretical methods Gaussian statistics. On inspection of the processed plate,
that are accurate for highly conductive rough surfaces either visually or in an optical microscope, the resulting
with strong slopes. As in previous studies,""27 the scat- surface appeared to be completely constant over approxi-
tered field derived from Green's secotid integral theorem mately 20 mm in the direction of motion. In the orthogo-
has been evaluated numerically in the case of an illumi- nal direction a fine correlation scale was apparent with a
nating beam of finite width. For the highly conductive uniformly rough region of length 40 mm.
case of interest here, difficulties arise in the numerical A more meaningful measure of the quality of the fab-
solution of the required integral equations by the method ricated surface is seen in its scattering characteristics.
of moments." We have avoided these difficulties through After the surface was coated with a thick layer (145 nm)
the use of an impedance boundary condition for curved of gold, the angular scattering distribution was examined
surfaces," which extends the range of validity of numeri- with a visible laser source. As one would expect for a
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1.0 filometric data. As we can see from Fig. 2, the correlation
".a function provides a close fit to a Gaussian function. The
2 standard deviation a of surface height was found to be- 1.73 Am, and the e-' half-width a of the fitted correlation

function was found to be 3.43 gm; these parameters wereS0.5 determined through a weighted least-squares fit of the
M measured spectrum. The histogram of surface heights

is shown in Fig. 3 and provides a close fit to a Gaussian

probability density. The higher-order moments of the
height data yield a skewness of -0.190 and a kurtosis of

0.012.90, which are near the desired values of a Gaussian varn-Angle ate 10 and 3, respectively).
Fig. 1. Scans of the scattered intensity as a function of angle
(degrees) in a direction orthogonal to the plane of incidence; B. Experimental Procedures
8, a 0.5°, incident wavelength A - 1.152 Am. The dashed curve As Fig. 4 shows, the surface was illuminated by a laser
is the result for the approximately one-dimensional surface of
Refs. 32 and 33 (multiplied by a factor of 10), and the solid curve beam that was oriented so that the plane of incidence was
is the result for the surface fabricated with the new techniques, perpendicular to the grooves of the rough surface. Under
The dashed curve is nearly symmetric, and the notch is due to this condition the scattered light must remain in the plane
obstruction by a mirror in the optical system. of incidence, and thus one-dimensional distributions of

intensity (scattered power per unit planar angle) are mea-
surable quantities. Further, if the incident field is in a

one-dimensionally rough surface, a narrow line of one- pure p or s polarization state, there will be no depolariza-
dimensional speckles was observed in the far field of the tion of the scattered light. It has been shown that this
surface. No significant deviations of scatter from the
plane of incidence were seen. Figure 1 shows measure-
ments of the intensity scattered in directions orthogonal 3.0
to the plane of incidence at the wavelength A - 1.152 Am. C
There is a narrow distribution of 0.3O width, which is com-
parable wiith the width of the detector aperture and 2.0
demonstrates the effective confinement of scattering to
the plane of incidence. Figure 1 also shows a similar
measurement for the best surface that we fabricated using 1 .0
previous techniques, which exhibits (note the scale
change) a broad distribution surrounding the plane of in-
cidence. The new fabrication techniques thus represent a 0.o
significant improvement over earlier methods. 0.0 5.0 10.0 1 5.0 20.0

To determine the statistical properties of the rough sur- 'dx (pnz)
face, we have employed a Talystep profilometer with a Fig. 2. Height correlation function C(x) - (hx)htx - ax!ý
chisel-shaped stylus that is suitable for the characteriza- (solid curve) calculated from the measured rough-surface profile
tion of one-dimensional roughness. In the direction of the h(x). The dashed curve is a comparison with a Gaussian correla-
surface roughness (i.e., the direction of the profilometer tion function with e-' width a - 3.43 Am and height a', where

a - 1.73 rm. The statistical errors (the standard deviations de-scan), the stylus had a 60° vertex angle and ended in a termined from the higher-order moments of the datal are 1.5% of
narrow blunt point of 0.4-gm width. In the orthogonal a.2 at Ax - 0, 1.3% at Ax - 2.0 Am, and 1.1% at %x - 200 Am
direction (that of the grooves of the rough surface), the The slightly negative foot of C(Ax) is not statistically significant.
stylus was of 2.0-Mm width. The output signal of the pro-
filometer was amplified and then digitized by an analog-
to-digital converter connected to a personal computer. 0.25
Twenty scans were made at uniformly spaced positions Mh)
along the 40-mm rough dimension of the surface, with 0.2o
each scan consisting of 8192 height data taken along a
1.88-mm length. The data were corrected only for an un- 0.15
known slope over the scan length by means of a least-
squares fit to a linear function. Data were also calibrated 0.10
to height standards and horizontal spacing standards, I
which ersured vertical and horizontal accuracy of -±2% 0.05 4
and :0.3%, respectively. Repeated scans of the same part
of the surface were extremely reproducible; repeating a 0.00 . ...
particular scan with a stylus tracking force higher than -h0 -0 -40 -2.0 0.0 2.0 4.0 0o 80h (•m)
normal did not produce significant surface damage or Fig. 3. Probability density of surface height, p.h), calculated
distortion. from the profilometry of the experimental rough surface isolid

The correlation function and the histogram of surface curve). The dashed curve is a comparison with a Gaussian
heights were then determined directly from the sets of pro- probability density with standard deviation a - 1.73 Am.
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The vector V,•. may be determined with standard pro-

Y cedures3 through the measurement of six polarized inten-
sities. Specifically, the four elements of V.., folio%% from

X

s83 = I. - L_, -s3 4  IR - IL., (41

where I, I,, I., and I- denote the mean scattered intensi-
ties transmitted by a linear polarizer at 0' 1pi. 90' isi.
*45°, and -45', respectively. The intensities IR and I,
are those transmitted by polarization components with
sensitivity to right- and left-handed circular states. re-

Fig. 4. Scattering of an incident wave by a surface with one- spectively; the necessary components are a quarter-wave
dimensional roughness. The direction of the incident beam is plate followed by a properly oriented linear polarizer.
orthogonal to the groove direction. The intensities and the matrix elements are formally de-

fined through averages over a statistical ensemble of sur-

polarization behavior implies that the Stokes vectors of faces32-'"; as we discuss below, the experiments determine

the incident and scattered fields are related by a Stokes- these quantities partly through an average over a small

scattering matrix S of the simplified form", 33  range of scattering angles.
The details of the scatter -Ig experiment are showr. in

Si s 12  0 0 Fig. 5. The source was a Jo•.n HN-20 helium-neon laser

S- s12 si 0 0 of wavelength A - 1.152 or 3.392 um. A series of mirrors

0 0 S3 S34 sent the vertically polarized laser beam over a detector

o 0 -S34 833 and through a half-wave plate. The beam then teflected
from a final mirror, passed through a polarizer, and was
incident on the rough surface at angle V. The half-wave

where all the matrix elements are implicitly functions of plate permitted the incident polarization to be oriented
the incident and scattering angles. For an arbitrary predominantly at --45'; the polarizer that followed re-
incident polarization state the specification of the Stokes moved any residual ellipticity and produced a - 45: polar-
vector of the scattered field clearly requires the determi- ization state with extinction stronger than 10-. The
nation of the four unique matrix elements of S. The p- scattered light was detected as a function of scattering
and s-polarized scattered intensities, as they have been angle 0, by a Cincinnati Electronics indium antimonide
studied previously,""-'3°3 are given by sl + si2 and sit - photodiode that was scanned on an arc of radius 70 cm
s12, respectively. The matrix elements $33 and s34 contain, centered on the surface. Suitable polarization compo-
respectively, the real and imaginary parts of the cross cor- nents were mounted in front of the detector's field lens as
relation of the p- and s-polarized scattered amplitudes. 2", required.

To measure the four unique elements of the Stokes- Because of the strict one-dimensional nature of the sur-

scattering matrix, we have employed procedures described face, an astigmatic illuminating wave was used in the ex-
elsewhere.123 3  The surface was illuminated with an inci- periment. In the plane in which the surface was rough, a
dent beam linearly polarized at +450, as shown in Fig. 4. slightly divergent wave illuminated a wide region of the
This incident state is represented by the Stokes vector surface to reduce speckle noise in the measured intensities.

. 0detector field lensV. =f }, (2? V,'
,, - sample

p rstages•
where we assume that the incident field is of unit power. tae

After multiplication of V. by the matrix S of Eq. (1), the
Stokes vector of the scattered light is obtained as

St., s2Fig. 5, Diagram of the scattering instrument used in the mea-
V-, = $t (3) surements of rough-surface scattering The grooves of the rough

S.1  surface are oriented in the vertical direction. The incident beam

-Si4 is brought over the detector and, after orientation of its poiariza-

tion direction, is incident on tie rough surface The detector
arm may be moved out of the plane of the figure for measuremen"

and it is clear that V,., contains all the unique elements of the intensity at all scattering angles IM denotes a Tnirr>,, P
of S. denotes a linear polarizer, and W denotes a half-wave plate
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In the orthogonal plane the illuminating wave converged length of the surface, the slopes of the profile are permit-
on the detector aperture after reflection from the surface. ted to take large values, and the metal is assumed to be
This guaranteed that all the scattered power entered the highly conducting.
detector aperture during measurement procedures, with The computational method employed here is directly re-
the consequence that itwas possible to normalize data, as lated to those employed in the study of the interaction of a
we discuss below. The illuminated region of the sample monochromatic Gaussian beam with the one-dimensional.
was approximately w = 15.0 mm along the surface rough- randomly rough surface of a dielectric or penetrable me-
ness by 2.5 mm in the orthogonal direction. dium.20 2 22  For the type of randomly rough metal sur-

The detector's field lens had a rectangular aperture face considered here, this method has provided accurate
that integrated the scattered intensity over an angle theoretical results for the p- and s-polarized scattered in-
.Id, = 1.6' full width, which also served to reduce the tensities when the wavelength is in the visible part of the
speckle noise in the measurements. Nevertheless, each spectrum. In contrast, in the present paper we wish to
scan of intensity still contained a significant amount of describe completely any polarized scattered intensity, and
reproducible speckle noise. To provide better averaging, the incident wavelength is in the infrared part of the spec-
we moved the surface in the direction of its roughness, trum. Our description of the polarization dependence of
made another angular scan of intensity, and repeated this the scattering is similar to the method that has been
procedure until all the rough surface had been illumi- described recently for the case of a perfectly conducting
nated. Six scans of each intensity were performed with a surface.' In this description the diffuse scattering prop-
transverse sample motion of 5.0 mm between scans, such erties of one-dimensional rough surfaces are completely
that the illumination remained within the 40.0-mm sample determined by four unique Stokes matrix elements. which
area. Then we averaged the six scans to provide the final are the second-order moments of the p- and s-polarized
measured intensity, and this process was carried out for scattered amplitudes.32 33

each of the polarized intensities required by Eqs. (4). Comparisons3 4 of experimental data for rough metal
The above procedures produce correct relative normal- surfaces at infrared wavelengths with calculations that

ization of the four matrix elements. In a final procedure assume perfectly conducting surfaces have suggested "
an accurate absolute normalization of all the matrix ele- that the finite conductivity of the metal surfaces should be
ments was performed through normalization of sln. For taken into account. The matrix elements that character-
the incident state V_, stl is the first element of V.,t in ize surfaces of finite conductivity may be obtained by
Eq. (3) and thus represents the total scattered power per substitution of the exact expression for the scattered am-
unit angle. To normalize s1l, we removed all the polariza- plitudes of penetrable surfaces23 in the general expres-
tion components from the detector arm, removed the sions for the Stokes matrix elements.33 However. this
sample, and inserted an attenuating filter in the incident approach fails at infrared wavelengths, where it i. well
beam. The detector arm was rotated so that the incident known that the high conductivity of metals leads to nu-
beam was directly incident on the detector, and the inci- merical difficulties in the solution of the integral equation
dent power (apart from a proportionality constant) was de- for the total field and its normal derivative on the sur-
termined. The attenuator was then removed, the sample face.3" In what follows we use an approximate method
was remounted. and an angular scan of the scattered in- based on the impedance boundary condition for curved
tensity su was completed. By dividing these data by the surfaces calculated by Garcia-Molina et al."3 in order to
constant determined from the detection of the incident obtain accurate estimates for the Stokes matrix elements
beam, we achieved a correct absolute normalization of s1i. of a highly conductive rough surface.
Finally, the incident power was again checked for repro- Consider the situation in which the half-space x, <
ducibility; a change of less than 0.5% was seen for all the C(x1 ) is filled with a metal and is separated from the vac-
results presented here. Thus results are normalized such uum above it by a randomly rough surface of equation
that sj1 represents the total scattered power per unit x3 = CIxj). The surface is assumed to be one dimensional
planar angle for an incident -45* state of unit power. in the sense that its height ý is independent of x.'. The
The accuracy of this normalization is dependent largely on surface-profile function ;xi) is described by a sincle-
the calibration of the attenuation filter, which we esti- valued, zero-mean, stochastic process with continuous
mate to be accurate to better than =1%. second derivatives. The metal is characterized by an

The results of the experiments are presented in Sec- isotropic, homogeneous, complex dielectric constant
tion 4, where they are compared directly with the results E(() - EI(W) + ie 2(•). In the infrared portion of the spec-
of the theoretical techniques discussed in Section 3. trum the real part of the dielectric constant. e wi. is

taken to be negative and large in magnitude, so that 0 <
3. THEORETICAL METHODS 2(W) << -ei(W).

A polarized beam of finite width, whose plane of inci-
In this section theoretical methods for the computation of dence is the plane x)x 3 perpendicular to the grooves of the
the diffuse scatterir Y properties of a randomly rough surface, illuminates the metal surface. The beam used in
metal surface are presented, and in later sections the re- the calculations may be expressed as a Gaussian angular
suits of such calculations are discussed. The surface pro- spectrum of incoming plane waves.23 The half-width of
file is one dimensional and is assumed to be a realization the intercept of this beam with the mean surface is de-
of a stationary stochastic process. As in the experimental noted by g and is kept constant when the angle of inci-
situation of Section 2, the wavelength of the light is as- dence 0, is changed. The wavelength of the incident light
sumed to be comparable with the transverse correlation is given by A - 27rc/w, where c is the speed of light and
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w determines the value of the dielectric constant of obtained:
the metal."

In the scattering situations considered here, all the incl- jotx' = 2djx',, i- - ds.
di.x')- 1P_-P d-[G,,x'x-

dent wave vectors are orthogonal to the grooves of the 27r an

one-dimensional rough surface. Consequently, the Stokes- - f
scattering matrix has the form given by Eq. (1), and the -6a)
four unique matrix elements are the second-order mo-

ments of the p- and s-polarized scattered amplitudes.32' a
In the case of dielectric surfaces, exact expressions for -.nq/'tX) - Z°(xhb•ox'J, (6b
these scattered amplitudes have been obtained 2326 through
the use of Green's second integral theorem. These results Zx,) 1 d 1'(x) d 2  [C2x )
are well known, but they will be outlined here to show how de 2 I - [ '2x']} 3 2  8 Il
they may be used in an accurate and efficient way in nu- t6ci
merical calculations that involve highly conductive sur-
faces. For each polarization the scattered amplitude may where Z.(f') is the impedance boundary condition calcu-
be expressed as an integral over two source functions, lated in Ref. 36. The range of validity of this approxi-
which are the values of the total field in the vacuum, mate integral equation is limited by the assumption made
0.(x'), and its normal derivative a*0(x')/an' evaluated on in the calculation of Z,(x'). The exact boundary condi-
the surface. In what follows, the primed vectors x' and x" tion is linear but nonlocal, and the existence of a linear
reside on the surface, and the vector n' (n; > 0) is normal and local relationship between the source functions is an
to the surface. The two source functions satisfy the pair accurate approximation only if the skin depth d of the
of coupled inhomogeneous irtegral equations metal is much smaller than the incident wavelength A.'6

Moreover, the terms neglected in the truncated series (6c)
r 1 are small only if dj;"'x1 ,, << 1. Since both conditions will

*.(z') - 20,(4'),n, + a ds a Go~x lx") *.(x") be fulfilled in the cases considered here, the boundary
r an" condition is sufficiently accurate. In addition, this ap-

f 0r a proximation permitted highly efficient numerical calcula-
2- r s an" tion. The improvement is apparent if one considers that

the elimination of one of the unknown source functions

0 _0.4') + -L dsI aG,(x',x") df.(x") reduces by half the size of the linear system of equations
2 s - ann" that must be solved when a numerical solution of Eqs. 15)

E r a 0 is calculated with the point-matching method. As a con-
- J ds"Gx' x") - tbo(x"), (5b) sequence, we used this method to obtain the numerical re-

2ar s suits presented in Sections 4 and 5.

where P indicates that only the principal part of the in- 4. COMPARISON OF RESULTS FOR A
tegrals is kept and where (a, 3) - (p,1) or (a,3) (s,0) forp GAUSSIAN STATISTICAL MODEL
or s polarization, respectively. The two Green's functions
Go(x 1x') and Gx Ix') are the solutions of the two- In this section the data from the experiment discussed in
dimensional Helmholtz equations (V2 + W2/c2)Go(x I x° = Section 2 are first compared with the results of the nu-
-41rS(x - x') and (V2 + e(j2 /c2)GE(X Ix') _ -41r6(x - x'), merical methods that employ the surface impedance
respectively, G( satisfies an outgoing wave condition at method described in Section 3. In the numerical results
infinity, and G, vanishes at infinity. Using a point- N, - 500 discretization points spaced by A/12.5 along the
matching method, several authors2 '2""2 2, have obtained mean surface were used. the illuminated width was g =

accurate solutions of Eqs. (5) when the wavelength of the 10A, and the surface length L was such that L~g - 4.0.
light incident on the surfaces is in the visible range. For We arrived at the value of N, by increasing it until conver-
highly conductive metals (i.e., gold at infrared wave- gence in each Stokes matrix element was achieved, for a
lengths), a numerical difficulty arises"5 : the integration particular surface realization, to better than 1%. The
of the kernels of Eqs. (5) over each discretization interval values of the refractive index of gold were taken as n -
may~require many evaluations of the Green's function, ik = 0.312 + i7.93 and 1.96 + i20.7 at A = 1.152 and
since these kernels are sharply peaked at the origin. To 3.392 Mm, respectively, which are values reported at near-
overcome this problem, we note that the small width of G, by wavelengths." In all the numerical results of this sec-
and of aG,/an" indicates that Eq. (5b) should be approxi- tion the surfaces employed were 4000 realizations of a
mately equivalent to the imposition of a local linear rela- Gaussian process with a correlation function of Gaussian
tionship between the total field in the metal and its form. The statistical parameters of the surface were
normal derivative evaluated on the surface. This rela- a 3.43 Am and ar - 1.73 A±m. which were values deter-
tionship is called an impedance boundary condition, and mined from the profilometric measurements described in
an expansion of this boundary condition in powers of the Subsection 2.A. In all figures the backscattering direc-
skin depth d - c/(wV-') has been calculated by Garcia- tion is given by 0, - -0,.
Molina et al." in the case of a .j.rved surface. When We first present results for the wavelength A = 1.152 .tm.
the boundary condition is used - eliminate one of the Figure 6 shows the four unique elements of the Stokes-
unknown source functions, the following equations are scattering matrix as a function of 0. for 0, 0'. First. s;,
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8 ficients two times (as in double scattering) to the +45*

incident state produces a final state that has significant
0.60 right-handed ellipticity.32  The theoretical and experi-

mental results for s34 provide the closest agreement in any
0.40 of the matrix elements, particularly for small 18,1.

For 0, - 100 (Fig. 7) it can be seen that the backscatter-
0.20 -..... ing enhancement has remained strong in s l and that s33

still presents a peak in the backscattering direction. The
0.00 intensity 1. again shows backscattering enhancement but

. has become stronger for 8. > -10*, which indicates that
-0.20 the double scattering is preferentially distributed in the

forward-scattering direction. In sil, s33, and I. the gen-
0.10 eral shape of the theoretical results is similar to the ex-
0.00 - perimental results, and for large 10,1 the agreement
-0.10 remains quite good. However, there are again significant

discrepancies in the heights of the structures related to
0.00 ... backscattering enhancement, and the largest differences

are now seen. in the secondary maxima at 9, a- 5.0'. As
-0.20 . in Fig. 6, the small values of s12 show some differences and

-90 -60 -30 0 30 60 90 s34 provides relatively good agreement.

es
Fig. 6. For 9, - 0° and A - 1.152 Am, the unique matrix ele-
ments s,, S12, S33, and s34 and the +45*-polarized intensity L. oso
Experimental results (solid curves) are compared with numerical
results (dashed curves; surface impedance method, surface 0.40
roughness consistent with a Gaussian process). S1

0.20 .....
and S12 are, respectively, the sum and the difference of the
p- and s-polarized scattered intensities from Eqs. (4). For 0.00
surfaces like the one discussed here, these intensities are
generally large but similar, so that s•1 resembles either in- -0,20
tensity and S12 remains small in magnitude. Near 0, = 0°
in Fig. 6, it can be seen that s1l clearly exhibits backscat- 0.10 .. . . .. 1 ,
tering enhancement with secondary maxima. The agree- 0.00 •- •.--,"'-- ,
ment of theory and experiment is excellent in sil for -o.1o 1

10,1 at 20°. For smaller 10o1, there are significant differ-
ences and the experimental data present considerably 0.00
stronger central and secondary maxima. Some differ- -0.20_...... .. ...... _s_
ences are also apparent in si2, although th.s matrix ele- -90 .60 .30 0 30 62 90
ment remains small in both theoretical and experimental 960
results.

The matrix element s33 in Fig. 6 has an unusual upward- Fig. 7. Same as Fig. 6 but for 9,- 10°
turning shape with a positive central region that has been
associated with multiple scattering in previous studies.32 33  0.60
As we saw for s1l, the agreement of the theoretical and ....... .
experimental results for 833 is excellent for high scattering 0.40
angles, though the experimental results again exhibit a sig-
nificantly stronger backscattering structure for 10, < 25'. 0.20
The +45*-polarized scattered intensity 1. is also shown .0 ..

in Fig. 6; this intensity is determined from the matrix 0.00
elements as (s11 + S33)/2 from Eqs. (4). I. is of interest -)2
because it contains large contributions from double scat-
tering, which one can see from either heuristic argu- -0.40
ments 32 or rigorous arguments for a perfect conductor. 33

Thus I. contains strong backscattering enhancement, and, 0.70 -.... _ ---- ]0.00 . .....
in the comparison, differences like those seen in sil and S 3 3  -0.10
are apparent for small 10,1.

The matrix element s3. in Fig. 6 is negative in the back- 0...0___ _ ..... ____

scattering region, which implies from Eqs. (4) that the 0.o.
+45' incident state is, on average, scattered to right- -0.20
handed elliptical states. This behavior may be inter- -90 -60 -30 0 30 60 90
preted as arising from the finite conductivity of the 6
surface; that is, application of the Fresnel reflection coef- Fig, 8. Same as Fig 6 but for 0, 30'.
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0.80 shorter wavelength, contributes to the change in shape of
s•. The comparisons show similar forms of sm through-

0.60 out Figs. 9-11, though the theoretical results are usually
0.40 of smaller magnitude.

Throughout Figs. 6- 11 the comparisons often show

0.20 agreement in the shape of the matrix elements, though
differences remain in many comparisons. The most sig-

0.00 nificant differences seen in Figs. 6-11 involve structures
related to backscattering enhancement, which are consis-
tently stronger in the experimental results. We thus
surmise that more multiple scattering occurs in the ex-

0.10 , periment than is accounted for by the theoretical calcula-
0.00 - tions. Further, in the experimental measurements that

-0.10 have secondary maxima (as is often the case with I.),

0.0, these maxima are either relatively weak or even absent in
the theoretical results. These differences are also clear

0.00" -' "- - in previous comparisons.303 13'-
N. . 3, It is significant that the differences noted in previous

studies in the p- and s-polarized intensities -03 or in sil
-90 -60 -30 0 30 60 90

as
Fig. 9. For 8, -0* and A -3.392 j~m, the unique matrix ele- 0.60
ments si, sa1, S3, and s3 and the +450 -polarized intensity ..
Experimental results (solid curves) are compared with numerical 0.40 .
results (dashed curves; surface impedance method, surface
roughness consistent with a Gaussian process). 0.20

In Fig. 8 the theoretical and experimental results for 0.00
0, - 30° are shown, where it can be seen that most of the -.
backscattering enhancement has disappeared in sl, 833, -0,20

and .. The largest differences seen in the comparisons
of these quantities are smaller than those in Figs. 6 and 7, 0.10o .

but small differences are now distributed over a wider 0.00o.- . '

range of O.. In the negative region of s34 the experimental -0.10

results show significantly smaller values of sm for 100 < 0.20
0. <40*. The interpretation of the general shape of 8341 is
not entirely clear, though it suggests competition between 0.00 S3..contributions from single scattering (sm > 0) and double
scattering (sm < 0). Again, 812 remains small in magni- -0.20

tude, and some differences are seen in the results. -90 -60 -3o 0 30 60 90

We now present further comparisons for this rough sur-
face at the longer wavelength (A - 3.392 /zm). These re- Fig. 10. Same as Fig. 9 but for 6, 100.
sults are shown in Figs. 9, 10, and 11 for 0, - 00, 100, and 0.60
30", respectively. As one would expect, the diffraction
widths of structures related to backscattering enhance- o.4o
ment have increased at the longer wavelength. For ex-
ample, the full width of the enhancement peak in the 0.20 .- ".. ......
experimental result for 8, is 350 in Fig. 9, but at the
shorter wavelength in Fig. 6 this width is 14". Generally, 0.00

the theoretical and experimental results for si1, s3, and L
show similar forms, though small differences are now ap-

parent throughout a range of scattering angles. In 0.40o

Figs. 9 and 10 the experimental results for *I,, s83, and I.
consistently exhibit somewhat stronger backscattering00 0
peaks, as had been found at the shorter wavelength in 0.00L
Figs. 6 and 7. S12

It is interesting that 812 has become more significant at -.2
the longer wavelength. In Fig. 9 the comparison of S12 is

good, and in Figs. 10 and l the comparisons of •12 produce 0.20

qualitative but not quantitative agreement. The shape of 0... " .'"'...

8su in Figs. 9-11 has changed greatly at this wavelength, 0.00 oV V_ _

and the results have stronger positive regions than those -9o -0o -30 0 30 60 90
seen in Figs. 6-8. We believe that the refractive index of 0O
gold, which shows a higher conductivity here than at the Fig. 11. Same as Fig. 9 but for 0, - 300.
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impedance method in the results of Figs. 6-11. we con-
0.80 clude this section by briefly comparing these theoretical

results with analogous results for a perfectly conducting
rough surface. The numerical methods for the perfect

0.40 conductor applied here employ exact integral equations
si and are described in detail elsewhere.' The discretiza-

0.20 tion and averaging parameters were identical to those
quoted in the beginning of this section, and integration of

0.00 the p- and s-polarized intensities always indicated that en-
ergy conservation was maintained to within 1%. Fig.

-0.2o ures 12 and 13 show these comparisons at 0, - 0* and 300,
respectively, for A - 1.152 ;m, while Figs. 14 and 15 show

0.10 similar comparisons for A - 3.392 Mim. The results for
0.001ý . a ll, su, s3, and I. for the perfect conductor are generally

-0.10 in close comparison with those of the penetrable surface.
There are modest differences in these quantities at

0.00 • A - 1.152 jm, while at A - 3.392 gm (where the surface

-0.20 conductivity is higher) the comparisons are considerably
-0.20 . 0.80

-90 -60 -30 0 30 60 90

0.60
Fig. 12. For 0, - 0* and A = 1.152 um, the unique matrix ele-
ments sit, 812, sa, and s4 and the +45°-polarized intensity I.. 0.40
Numerical results that employ the surface impedance method
(solid curves) are compared with results for the perfect conduc-
tor (dashed curves); the surface roughness is consistent with a 0.20
Gaussian process.

0.00 0..

-0.20" S33

0.40si
0.1o0 2

0.20 Ile __ _ _ __ _ __ _ 0.0

00.10. S.. .............. .~~0.00 01
-0.20 -0.100" ".

-90 -60 -30 0 30 60 90
-0.40 e.
0.10 Fig. 14. For 0, - 0* and A 3.392 /•m. the unique matrix ele-
000 - .ments sit, s1, s33, and su. and the +45°-polarized intensity L.
-00 .. .. Numerical results that employ the surface impedance method

(solid curves) are compared with results for the perfect conduc-0.10 tor (dashed curves); the surface roughness is consistent with a
0.00 ..... . Gaussian process.
-0.10

-90 -60 -30 0 30 60 90
es 0.60

Fig. 13. Same as Fig. 12 but for 0, 30.
0.40 Sit

(Ref. 34) at high angles of incidence or scattering are not
present in Figs. 6-11, where analogous differences would 0.20

have been seen in sit. We attribute the relatively good
agreement at high angles to the strict one-dimensional 0.o0

character of the surface employed here. We also note that -0.20
the experimental results of Figs. 6-11 contain more
speckle noise than that seen in previous optical experi- -0.40
ments with approximately one-dimensional surfaces.- 0.10
We also attribute this increase to the quality of the experi- 0.00
mental surface, which, as we discussed in Subsection 2.A, -0.. .
created speckles that were one dimensional. In previous 0 .10
experiments"'- the noise was considerably smaller be- 00oo
cause the speckles were effectively two dimensional; -0.10 sý-
there the detector's circular field lens performed a two- -90 -60 -30 0 30 60 90
dimensional rather than a one-dimensional average. es

To demonstrate the necessity of employing the surface Fig. 15. Same as Fig. 14 but for 8, 30'-
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4.0 assumed in the numerical results of Section 4. In fact, for
•2.0 V-a Gaussian process the peaks and the valleys of the surface

S0.0o must have a statistically identical appearance,' and we
- -2.0 immediately conclude that the behavior seen in Fig. 16 is

".4.0 0000inconsistent with a Gaussian process. To study the devia-
S034 tions from Gaussian statistics, we could employ higher-

order probability densities of height, but we have found it

Fig. 16. Segment of one of the profilometer scans of the surface simpler to study the statistical properties of surface
that illustrates the sharp peaks and the broad valleys of the ex- derivatives. In particular, we have compared the first-
perimental surface. The shape of the profilometer stylus em-
ployed is also indicated (60* wedge angle, 0.4-gm blunt tip). order probability densities of the first two surface deriva-

tives with the Gaussian forms expected for a Gaussian
closer. However, in any given figure the largest differ- random process.4"
ences in the comparisons are consistently seen in the ma- To achieve reliable estimates of the derivatives in the
trix element s4. These differences are relatively large at presence of digitization noise in the profilometer data, we
A - 1.152 Mrm, while in the more conductive case at computed the Fourier transform of each scan. Only the
A - 3.392 Am they are smaller but still significant. Thus first 900 of the 4096 complex Fourier coefficients were
the form of s34 is strongly dependent on the finite conduc- kept because only noise was present in higher coefficients.
tivity in the cases shown here, while the other matrix ele- On performing an inverse transform, we obtained a pro-
ments have a weaker dependence. We conclude that the file in which only noise had been effectively removed.
surface impedance method, which also produces results With suitable linear or quadratic frequency weighting. in-
that are more consistent with the experimental data for verse transformation of the 900 Fourier coefficients per-
S34 in Figs. 6-11, is entirely necessary for accurate results mitted reliable determination of the first two derivatives
in the cases of interest here. of the surface.

Figures 17 and 18 show the probability densities of the

5. COMPARISON OF RESULTS FOR THE first and second derivatives, respectively, that have been

PROFILED SURFACE 0.60
It has been seen that the theoretical and experimental re- 0.50 A

sults of Figs. 6-11 of Section 4 provide reasonably good
comparisons of the elements of the Stokes-scattering ma- 0.40
trix. However, the differences that remain imply that
more multiple scattering occurs in the experiment than is 0.30
present in the theoretical results. The origin of this dis-
crepancy is not immediately clear. As we have discussed 0.20
in Section 3, the impedance boundary-condition method
should be reliable for the surface of interest here, so we do 0.10
not consider it to be a likely source of error. Considerable 0.00 1
care has also been exercised in the scattering measure- -3.0 -2.0 -1.0 0.0 1.0 2.0 .0
ments, and thus we believe that the experimental results h-
are accurate representations of the scattering properties Fig. 17. Probability density of surface slope, p(h'), calculated
of the surface. The measured siatiatical parameters a" from the profilometry of the experimental rough surface solid
and a of the experimental surface are of high accuracy curve). The dashed curve is a comparison with a Gaussian
(•0.75% statistical error and =2.0% profilometer calibra- probability density (with root.mean-square biope ' 2 aa. as
tion error for (r, and estimated errors of a few percent in would be expected for a height correlation function of Gaussianform).
a); changes in a and a of the size of the errors do not pro-

duce significant changes in the theoretical results. 1.00
On examination of this situation, we believe that there p(h')

are unusual properties of the experimental surface that o.8o .

have a significant effect on its scattering properties.
Figure 16 shows a selected segment of one of the pro- 0.60
filometer scans of the surface. It can be seen that the
peaks of the surface are often sharply curved, while the 0.40
valleys tend to have a broader curvature. This behavior
is usually much less obvious than it is in Fig. 16, but it is 0.20
consistently present throughout the data. The sharp
peaks and the broad valleys cannot be attributed to the 0.00
width of the profilometer stylus, which would produce just -3.0 -2.0 -1.0 0.0 1.0 2 0 3 0
the opposite effect, so we conclude that they are present in h" (m-1')

the surface itself. Fig. 18. Probability density of the second derivative of the sur-
It is clear from Fig. 3 that the first-order probability face, p(h'), calculated from the profilometry of the experimental

rough surface (solid curve). The dashed curve is a comparison
density of surface height is close to Gaussian form. How- with a Gaussian probability density (with root-mean-square sec-
ever, this resemblance does not necessarily imply that the ond derivative 2/3o0/a2, as would be expected for a Gaussian
surface statistically conforms to a Gaussian process, as we height correlation function).
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Swere similar to those of Section 4, though it was neces-
sary to make small changes to deal with the sampling in-

o.60 terval of the profilometer data. In particular, we used
N, - 600 discretization points, the discretization interval

0.40 A/10, g/A - 12 (at A - 1.152 Am) or 8 (at A - 3.392 Am),
S.4 sand the number of surface realizations of 3140 (at A -

020 1.152 Mm) or 1220 (at A - 3.392 Mm) owing to the fixed
total length of the profilometer data.

0.00 A We show the results of these calculations with the ex-
. perimental data for A - ' 152 Am in Figs. 19, 20, and 21

-o.20 for 0, - 0°, 10°, and 30*, respectively. The comparisons
here show substantial improvement over the analogous

0.10 comparisons for the Gaussian model (Figs. 6-8). The
.0 s heights of ali, s3, and 1. near the backscattering direction

-0.10 . .. .have increased in the theoretical results of Figs. 19 and
o.0D _" " " " __ ..... ..____ _ _ 20, so we conclude that the amount of multiple scattering

0. has increased. The secondary maxima in these theoreti-
cal results have also become more distinct and are now

-0_0 $3& only slightly below those of the experimental results. At
-90 -60 -3o 0 30 so 90 0, - 300 (Fig. 21) the comparisons of s11, S33, and I- have

85 also significantly improved. The comparisons of s34 are
Fig. 19 For 8, - 0° and A - 1.152 Am, the unique matrix ele-
ments S11, $12, s3, and s4 and the +45°-polarized intensity I..
Experimental results (solid curves) are compared with numerical 0.60
results (dashed curves; surface impedance method applied to pro-
filed surface). 0.40

0.20
determined from the 20 profilometer scans. Both densi-
ties differ significantly from the Gaussian forms expected 0.00 V
for a Gaussian process. The probability density of slope
is flatter near the mean and presents small secondary -0.20
maxima at -1.5 and 1.7. These secondary maxima fall
near the maximum slope that is resolved with the 60° sty- 0. 10
lus described in Subsection 2.A. In particular, a steep 0.00 "
side of the stylus touches the surface for slopes stronger -0.101
than ttan 60* a ±1.7; the maxima near these values in
Fig. 17 appear to arise from surface slopes stronger than 0 00
these critical values. In Fig. 18 the probability density of[ 0" , •N
the second derivative is strongly left skewed in a manner -0.20 ..
consistent with Fig. 16. As discussed above, we attribute .c 40 -30 0 30 60 90
this behavior largely to the properties of the experimental 85
surface rather than to stylus effects. Fig. 20. Same as Fig. 19 but for 9,- 10°.

It is of obvious interest to determine the effect of these
properties of the experimental surface on its scattering o.6.
behavior. To apply the numerical techniques of Section 4,
one would apparently need to find a statistical model corn- 0.40

pletely consistent with the experimental surface. This
problem has proven formidable, and we have instead taken 0.20

a more direct approach. We have applied the numerical 0.00
methods, using the impedance boundary condition, di-...........
rectly to the data obtained with the surface profilometer. -0.20
In this procedure each profilometer scan was first filtered
in frequency space, as discussed above, for the removal of -0.40
digitization noise. We employed the surface impedance 0.10
method to calculate the p and s scattered amplitudes for 0.00 ..

an illuminated width g near one end of the profilometer -0.10 --
data. The illumination was then moved transversely by
an amount Ax, and the process was repeated until the en- 0.00
tire profilometer scan had been illuminated. We then av- . .. ..'"
eraged suitable products of the p and s amplitudes over all -0.20
illuminated regions of the 20 profilometer scans to esti- -90 -60 -30 0 30 60 90
mate the four elements of the Stokes-scattering matrix. es
The numerical parameters employed in the calculations Fig. 21. Same as Fig, 19 but for 9,- 30*.
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0.60 of the experimental surface would tend to create an abun-
dance of multiple-scattering paths that are at the origin of

0.60 backscattering enhancement.?6"'7  On the other hand, a

0.40 ssurface consistent with a Gaussian process would have

statistically identical peaks and valleys, and the degree

0.20 to which such multiple-scattering paths occur would be
reduced.

0.00 We believe that our profilometry of the experimental
surface is good, but we do not claim that it is perfect. For

-0.20 • example, the slope statistics of Fig. 17 show clear effects
of the width and the shape of the profilometer stylus.

0.10 The small differences seen in the comparisons in this
0.00 section (for example, in sil, s33, or 1. in Figs. 19 and 201

-0.101 - 12 suggest that slightly more multiple scattering still occurs

0.20 in the experiment, and small stylus effects could play a
j. ] role in these differences. As we can see from the form of

_. • l, the stylus in Fig. 16, the surface itself should have even
F S34  sharper peaks than those present in the profilometer data,

-0.20 . . . . . . . . I

-90 -60 -30 0 30 60 90
eS 0.60

Fig. 22. For 9, - 0° and A - 3.392 gm, the unique matrix ele-
ments sii, s12, s3, and S34 and the +45'-polarized intensity 1.. 0.40
Experimental results (solid curves) are compared with numerical " T!
results (dashed curves; surface impedance method applied to pro- 0.20
filed surface).

0.00
excellent not only at 6, = 0° (as in Fig. 6) but also now at
9, = 100 and even at 6, - 300, where the negative part of -0.20 -
s34 shows a close comparison. The theoretical results for
S12 remain small but also show a more favorable compari- 0.10
son here than they do in Figs. 6-8. 0.00 .---- .. .

Further comparisons are shown in Figs. 22, 23, and 24 .0. 10. .. .

for A = 3.392 /m and 8, = 0', 10', and 30*, respectively. 0.20
It can be seen that s,,, s33, and L. have again increased in 02
the backscattering direction for 9, - 0° and 10', and gen- 0.00
erally excellent agreement is seen in these quantities for ~ ,
all the cases shown. The theoretical results for s12 are of -0.20
larger magnitude in Figs. 22-24 than they are in Figs. 9- -90 -60 -30 0 30 60 90
11 and now show favorable comparisons with the experi- Os
mental results. The comparisons of 834 are also quite Fig. 23. Same as Fig. 22 but for 8, 10'.
good in Figs. 22-24, and although small differences can
sometimes be seen, they exhibit a clear and significant 0,60
improvement over those of the Gaussian model. It is in-
teresting to note that even the speckle noise in the theo- 0.40
retical and experimental results of Figs. 19-24 is of S1

similar levels; this is because both results are based on 0.20
the same total length of rough surface.

We conclude that the comparisons of this section are 0.00
generally excellent and show a distinct improvement over
those of Section 4. It follows that most of the differences
seen in the comparisons of Section 4 arose from the incon- -.40
sistency of the experimental surface with a Gaussian pro-
cess. When the properties of the experimental surface 0.20

are taken into account, as we have done in this section, [
excellent comparisons of the four elements of the Stokes- 0.00

scattering matrix are made. This conclusion is sig- -0.20 .. .

nificant, for the differences seen in the comparisons of
Section 4 would have left doubts concerning the correct-2
ness of the theoretical and experimental methods that we .
have employed. 0.00 ,4

The increase in multiple scattering apparent in the -90 -60 -30 0 30 60 90
theoretical results of this section is reasonable for the sur- Os
face curvatures seen in Fig. 16. The bowl-shaped regions Fig. 24. Same as Fig. 22 but for e,- 30°
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Table 1. Total Scattered Powers Contained in p, s, than an exercise of established theoretical and experimen-
and +45° Polarization States tal techniques. First, we have developed new experimen-

p ($11 s12) s (s11 - s12) 145* f(si + su)/21 tal methods to fabricate a strictly one-dimensional rough
surface with nearly Gaussian first-order height statistics.

Impedance Boundary Condition, Gaussian Model All four unique elements of the Stokes-scattering matrv'

A - 1.152 ;Lm were measured and normalized from first principles, ar...
8, i 00 0.945 0.984 0.239 scattering behavior at high scattering angles has been
8, - 100 0.944 0.984 0.233 seen to be more consistent with theoretical results. Sec-
6, - 30° 0.941 0.986 0.189 ond, we have developed new numerical methods based on

A - 3.392 um an impedance boundary condition that are suitable for a

, - 0° 0.954 0.984 0.303 highly, but not perfectly, conducting rough surface. For
6, - 10° 0.955 0.984 0.291 the cases discussed here, it has been made clear that this
6, - 30* 0.958 0.985 0.223 method is entirely necessary for accurate results, particu-

Impedance Boundary Condition, Profiled Surface larly for the matrix element s3,.
It has been found that the experimental measurements,

A - 1.152 gm when they are compared with the theoretical results for a
9,- 0' 0.947 0.989 0.286 rough surface consistent with a Gaussian process, pro-
6, - 100 0.945 0.989 0.275 duce favorable but by no means perfect comparisons.
9, - 300 0.945 0.991 0.220 However, excellent agreement has been obtained in com-

A - 3.392 j.m parisons made with theoretical results for the profiled
6, - 0° 0.952 0.987 0.355 surface. We have surmised that this situation arises
6, - 100 0.953 0.987 0.340 from properties of the experimental surface that differ
6, - 30' 0.957 0.988 0.256 from those of a Gaussian profile.

Experimental Results There are a number of points to be made concerning

A- 1.152 •m these observations. First, the excellent agreement ob-
8,- 0, 0.943 0.991 0.300 tained in Section 5 clearly indicates that the theoretical
8, - 100 0.947 0.987 0.279 techniques and the experimental methods employed here,
6, - 30* 0.937 0.992 0.207 when they are applied with care, yield entirely consistent

A - 3.392 jm results for a rough surface that produces multiple scatter-

6, - 0' 0.975 0.989 0.350 ing. For a problem as subtle and difficult as that of wave
8, - 100 0.974 0.980 0.334 scattering from a randomly rough surface, this conclusion
0, - 30* 0.965 0.971 0.250 is significant and strong. Further, for the crucial pur-

pose of testing experimental methods and theoretical
techniques in this field, the lack of detailed consistency of
the experimental surface with a Gaussian process is not

which could lead to more multiple scattering than that significant. More precisely, we have satisfied the main
found in the calculations of this section. However, the goals of the Introduction concerning the accuracy of sur-
excellence of the comparisons of Figs. 19-24 clearly indi- face characterization, scattering measurements, and theo-
cates that these effects would be quite small. retical methods to the extent that excellent comparisons

As we have discussed in Subsection 2.B, the quality of have been made. In drawing conclusions, we have not
the experimental surface has permitted us to normalize found it necessary to employ an experimental surface that
scattering measurements from first principles. We thus conforms in all details to a Gaussian process or to find a
conclude this section by presenting a comparison of ex- statistical model consistent with a particular experimen-
perimental and theoretical results for the total powers tal surface.
contained in selected scattered intensities. Throughout Our results also demonstrate that relatively subtle sta-
the results shown in Table 1, it can be seen that the total tistical properties may play a significant role in the scat-
p- and s-polarized diffuse reflectivities are all slightly less tering behavior of a rough surface. In the case of interest
than unity and that there is consistently more absorption here, we have seen a contribution of surface curvatures to
in p polarization. There is generally excellent agreement; the amount of multiple scattering. This statement is an
only small differences are present in the experimental p oversimplification, which, although it is adequate for our
reflectivity at A - 3.392 um, which shows 1-2% higher arguments here, leads to a deeper question: What then
reflectivity than that of the numerical results. The nu- are the statistical properties of a rough surface that have
merical results for the profiled surface are in close agree- significant effects on its scattering behavior? This diffi-
ment with the experimental results for the powers cult question certainly warrants further investigation,
contained in I, while the numerical results for the Gauss- though it is not easily addressed by the numerical methods
ian model produce significantly smaller powers. employed here. In approximations such as the Kirchhoff

method and perturbation methods, only low-order statisti-
6. CONCLUSIONS cal properties of the surface appear in theoretical results,

although one might expect that more rigorous results
In this paper we have compared in detail experimental would depend significantly on probability densities of
and theoretical results for the light diffusely scattered higher order.
from a surface that is rough in one dimension. This Finally, despite the excellence of comparisons presented
study, as presented here, has required considerably more here, we do not intend to imply that scattering from rough
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surfaces is, in any wide sense, a well-understood field. 17. E. R. Mdndez and K. A. O'Donnell, "Observation of depolar-
There are important regimes in which theoretical meth- ization and backscattering enhancement in light scattering

from Gaussian random surfaces," Opt. Commun. 61, 91-95
ods or experimental techniques still find formidable chal- (1987).
lenges and considerable progress remains to be made. 18. E. I, Thorsos, "The validity of the Kirchhoff approximation
For example, the numerical methods employed here would for rough surface scattering using a Gaussian roughness

readily fail at high angles of incidence, and our methods of spectrum," J. Acoust. Soc. Am. 83, 78-92 (19881.

surface characterization would be completely inadequate 19. M, Nieto-Vesperinas and J. M. Soto-Crespo, "Monte Carlo
simulations for scattering of electromagnetic waves from per-

for a surface with significantly smaller structures. Hence fectly conductive random rough surfaces." Opt. Lett. 12.
there remain many open questions in the scattering of 979-981 (1987).
waves from surfaces, but the good comparisons presented 20. A. A. Maradudin, E. R. M~ndez, and T. Michel, "Backscatter-

here provide one unusual and important instance in which ing effects in the elastic scattering ofp-polarized light from a
large-amplitude random metallic grating," Opt. Lett. 14,

there have been well-verified theoretical and experimen- 151-153 (1989).
tal results in this field. 21. T. Michel, A. A. Maradudin, and E. R. Mindez. "Enhanced

backscattering of light from a non-Gaussian random metal
surface," J. Opt. Soc. Am. B 6, 2438-2446 (1989).
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Measurements are presented of the angular distribution of scattered intensity associated with backscattering enhancement from
a conducting surface with two-dimensional roughness. For a linearly polarized incident wave, the diffusely scattered intensitx is
found to be significantly polarization-dependent.

The scattering of light from randomly rough sur- in ref. 1 9 Hence, controlled experiments with well-
faces has been of considerable interest. For con- characterized rough surfaces could be expected to
ducting surfaces with steep slopes and correlation provide the most reliable data for the case of two-di-
length comparable to the illumination wavelength, mensional roughness.
backscattering enhancement has been noted in the Previous qualitative observations have noted a re-
reflected diffuse scattering [ 1,2 ]. Considerable ef- markable polarization-dependence of the backscat-
fort has since been directed toward theoretical and tering enhancement of a two-dimensionally rough
experimental investigations of scattering by a sur- surface [ 1,21. This is illustrated in fig. 1, which shows
face with one-dimensional roughness, largely be- photographs of the co- and cross-polarized back-
cause this case is more directly addressed with the- scattering enhancement from a two-dimensional
oretical methods. In the one-dimensional case, the rough surface with gaussian height statistics and with
scattering properties have been studied through the a height correlation function of rotationally s- m-
p- and s-polarized diffusely scattered intensities [3- metry gaussian form. For the case of normal inci-
5], or more completely with the four unique ele- dence, both scattered intensities contain a strong
ments of the surface's Stokes scattering matrix [6,7]. backscattering peak surrounded by an annular re-
The backscattering enhancement has been attributed gion where secondary minima and maxima are clearl.
to the coherence of multiple-scattering paths occur- visible at various field angles. There appears to be
ring within valleys of the rough surface, nearly four-fold symmetry about the backscattering

Even though early observations of this type of direction in the results of fig. 1. However, the svm-
backscattering enhancement were for a surface with metry of the situation implies that only a pair of two-
two-dimensional roughness [1,2], there has been lit- fold symmetries (left to right, and top to bottom in
tie subsequent work applied to this case [ 8-10 ]. This figs. IA and I B) must always be observed. The dark
may be partly due to the difficulty of the theoretical regions of the cross-polarized scattering are of some-
methods necessary to approach a two-dimensional what higher contrast than those of the co-polarized
rough surface when multiple scattering is significant scattering. These patterns remain fixed as the rough
[8,91. These theoretical approaches have required surface is rotated about its normal, which verified
considerable simplifying assumptions and approxi- that these observations are connected to the polari-
mations (for example, assumptions in the develop- zation of the incident wave, rather than any lack of
ment of the Kirchhoff method in ref. [ 8 ], and the statistical isotropy of the rough surface. The two-di-
discretization of integral equations for scalar waves mensional features seen in fig. I have not been in-

0030-4019/93/S06.00 0 1993 Elsevier Science Publishers 8.V_ All rights reserved. I
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Fig. I. Photographs of co-polarized (A) and cross-polarized (B) intensity scattered from a two-dimensional rough surface for normal
incidence. The wavelength is 0.633 gm and the incident polarization is horizontal. The surface roughness has approximately gaussian
height statistics with standard deviation a- 2A. and the height correlation function is of gaussian form with correlation length a -t3 N. The
exact backscattering direction is denoted by the dark spot and the region shown is approximately ± 25' wide.

vestigated in previous theoretical or experimental plane, the speckle patterns were isotropic due to the
work, and previous results [ 1.2,8,10] correspond rotational symmetry of the optical system that gen-
only to a one-dimensional section of the intensity of erated them; their correlation functions were of
fig. I A or I B along a horizontal or vertical axis. The gaussian form due to the gaussian laser mode. The
purpose of the present paper is thus to provide mea- plate was developed in Shipley 355 developer and
surements of the two-dimensional nature of the coated with a thick layer of gold using standard vac-
backscattering enhancement under controlled exper- uum evaporation techniques. The processing pro-
imental conditions, duced an approximately linear response of the pho-

The surface employed in fig. I (as well as those toresist: this implies that the surface height should
employed in previous experiments [ 1,2 ] ) is difficult also have a correlation function of gaussian form.
to characterize because of the fine structure of the The rough surface was characterized with a Taly-
surface roughness. To study the polarization-depen- step surface profilometer employing a diamond sty-
dent scatter with a well-characterized surface, in the lus of conical form with 60W full angle and with 0.5
measurements to be discussed here we have in- gam tip radius. Eight scans of independent parts of
creased the surface correlation length and illumi- the surface were made, with each scan consisting of
nation wavelength by a factor of approximately two. 8192 data points taken along a 1.58 mm length. The
The rough surface was fabricated using techniques scans were corrected only for an unknown slope over
that have been described in more detail elsewhere the scan length through a least-squares fit to a linear
[ 1.2 ]. A 50 x 50 mm2 glass plate was first coated with function. The histogram of surface height was found
three layers of Shipley 1375 photoresist. The plate to provide a close approximation to a gaussian prob-
was then exposed to a series of eight statistically in- ability density with standard deviation a= 1.66 gim
dependent speckle patterns front a HeCd laser of (skewness= -0.089, kurtosis=2.84): the height cor-
wavelength 0.442 gim. The central limit theorem thus relation function was found to be of nearly gaussian
implies that the net exposure was approximately a form with lI/e width a= 3.75 gim.
realization of a gaussian process. In the exposing Figure 2 shows the definition of the polarization
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rection of the incident polarization along the arc OP.
and the cross-polarized intensity may be defined as
that polarized in the orthogonal direction along a
second vector 4.

For the case of normal incidence, it is possible to
effectively position a detector at the observation point
P in a simpler manner. As can be seen in fig. 2B. if
the incident polarization state. the detected polari-

(A) zation state, and the rough surface are all rotated by
the angle 0, this is completely equivalent to the sit-
uation shown in fig. 2A. Of course, in the case of in-
terest here the rough surface has isotropic roughness.
and there is then no need to rotate it.

-111 The experimental apparatus was similar to that
described more completely elsewhere [6]. with
modifications to provide control of the direction of
the incident polarization. The source was a Jodon
HN-20 HeNe laser, which illuminated a 20 mm di-
ameter of the rough surface. In the first results to be
discussed here we employed the wavelength ;. = 1I 152
pm, so thr a/At 3 as was the case in fig. I - A half-
wave plate allowed the incident polarization state to
be rotated by the angle 0, and a polarizer that fol-
lowed removed any residual ellipticity to produce a

. ,pure linear state with extinction better than 10'.
Appropriate settings of a detector polarizer enabled
the co- or cross-polarized scattered intensity to be
measured. The detector was an indium antimonide
photodiode mounted on an arm of length R = 700
mm. This arm was positioned by a computer-con-

Fig. 2. Top: scattering of a horizontally polarized, normally inci- trolled rotation stage, so that the detector could be
dent wave by a two-dimensional rough surface into a direction scanned rapidly and reproducibly. Data were taken
(6, 0). Bottom: the equivalent situation in which the incident
and detected polarizations are rotated by 0, and the measure- for 0 between 0- and 90- in steps of 5=. and for 8
ments are conducted at (0, 0) = (0, 0). between - 30' and 30 ý in steps of 0.25 -. This range

of angles comprises a complete set of measurements
conditions employed in the scattering measurements for a region of 30' radius surrounding the back-
presented here. As in fig. 1, the illuminating wave is scattering direction in fig. 2A; the results shown be-
assumed to be normally incident, linearly polarized, low were plotted by imposing the symmetry for
and, without loss of generality, to have horizontal 90' < 0< 180" that follows from the isotropy of the
polarization in fig. 2A. We consider the intensity surface roughness. A limited amount of data was
scattered from the rough surface to a distant hemi- taken for 90* < 0i 180^ that is not shown here but
sphere of radius R. The point 0 determines the lo- was adequate to demonstrate that the scattered in-
cation of the incident wave on this hemisphere, and tensities obeyed the necessary symmetries discussed
an arbitrary observation point P has coordinates (R, earlier. In a final procedure, measurements of the in-
6, 0) in the spherical coordinate system shown. The cident power allowed the intensities to be normal-
co-polarized intensity at P may then be defined as ized to scattered power per unit solid angle, for unit
that polarized in the direction of the unit vector 6, incident power.
where 6 is defined by parallel transport of the di- The measured co- and cross-polarized scattered

3
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intensities are shown in figs. 3 and 4, respectively, saddle-shaped regions at 0=0' and 86 + 12'. The
and compare favorably with the photographs of fig. cross-polarized intensity of fig. 4 has minima at
I. The data is plotted in figs. 3 and 4 such that the 0% _+ 12' for =0-' and 0=90W with stronger con-
front half of the figures contains independent mea- trast than those of fig. 3, which is consistent with the
surements. Both scattered intensities contain a dis- observations of fig. I. Beyond 181 l 25'. both the co-
tinct enhancement peak centered at (0, 0) = (0°, 0-) polarized and cross-polarized intensities remain sig-
-with an approximately t 10° width. This peak is nificant, but they are no longer strongly dependent
surrounded by an annular region for 101 between 8 0 on the angle 0.
and 200 containing strongly polarization-dependent Figure 5 shows sections of the results of figs. 3 and
scatter with secondary minima and maxima. The co- 4 for 0=02, 45', and 90', in addition to the total
polarized intensity has minima at 0=450 and scattered intensity determined from the sum of the
8L t 120, maxima at 0=90' and 6,: ± 14*, and co- and cross-polarized intensities. The three curves

of the co-polarized intensity show different forms, so
that this intensity does not strictly have the four-fold

900 symmetry that is suggested by fig. IA. Instead, this
intensity has only the pair of two-fold symmetries

-9 that are required by the symmetry of the experi-

20. 300 450 mental situation (that is, symmetry for

00 0-60
0.2 

0.40 /

0.20

0.00

Fig. 3. The co-polarized scattering distribution from the rough 0.40
surface as a function of the angles (6, 0). The incident wave-
length is a= 1.152 I'm. and the incident polarization direction is 0.20
denoted by the arrow at the center of the figure.

0.00

9W 1.00 -

200 300 450 0.0 . ..... 0=4

100 _0. . - =9

0.40 _

0.20

0.00
-40 -30 -20 -10 0 10 20 30 400

Fig. S. The scattered intensities, for 0=0°, 0=45%, and 0=90°.
Fig. 4. The cross-polarized scattering distribution from the rough as a function of the angle 0. Shown are the co-polarized intensity
surface as a function of the nanles (0, 0). The incident wave- (top), the cross-polarized intensity (center), and the total scat-
length is A = 1. 152 pm, and the incident polarization direction is tered intensity (bottom). The illumination is normally incident
denoted by the arrow at the center of the figure. and has wavelength A= 1, 152 mn.
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0-- (360' -0) and 0-. (1800 -0)). However, fig. 5 cross-polarized, and total scattered intensities for all
indicates that the form of the cross-polarized inten- 0 and for 0=02, 450, and 90W. While the o-depen-
sity is the same at 0=0' and 0=900. Thus, within dence of these intensities was restricted to 101 _ 25
the accuracy of our measurements, the cross-polar- in fig. 5, in fig. 6 there is a significant 0-dependence
ized intensity nearly satisfies a four-fold symmetry, for all values of 181 to 90°. On comparison with fig.
even though this need not be the case. In the total 5, the widths of enhancement peaks have increased.
scattered intensity in fig. 5, there are secondary max- as is to be expected at the longer wavelength. The
ima present at 0•. ± 16° for 0=900, though these shapes of the co-polarized intensities have changed
maxima are less distinct at 0=45° and disappear at considerably at the longer wavelength, and there are
o=00. The total intensity has a weaker dependence now modest secondary maxima at 06+ ±32 for
on 0 than is present in the co- or cross-polarized 0=0%, while for 0=450 and 900 this intensity has
intensities. broader enhancement peaks without secondary max-

For the case a/).1 3, there is thus general consis- ima. The cross-polarized intensity shows nearly
tency of the experimentally results of figs. 3-5 with identical forms for 0=0° and 900. which was also
the qualitative observations of fig. 1. However, un- noted in fig. 5, although the enhancement peaks are
der other conditions, this rough surface may have of smaller height in fig. 6. Finally, the total scattered
different scattering behavior. In particular, we have intensity also has a lower enhancement peak than at
studied the scattering properties of this surface for A= 1.152 grm, and the three curves show differences
a/:t, 1 by employing the 3.392 pm wavelength of our from one another that are larger than those of the
HeNe laser. In fig. 6 are shown the co-polarized, corresponding curves of fig. 5. The forms of the total

scattered intensity in fig. 6 generally resemble those
of the co-polarized intensity.

0.60 .The results presented in this paper thus demon-
strate the detailed behavior of the co- and cross-po-

0-4O 'larized scattered intensities for a two-dimensional
rough surface that creates backscattering enhance-

0.20 .ment. However, there is another way of interpreting
0.00 .these results for the case of normal incidence, which

follows from fig. 2B. It is well-known that the po-
0.40 larization-dependence of the diffusely scattered light

is determined by the 16 elements of the Stokes scat-
0.20 . tering matrix [6,7,11,12]. The elements of this ma-

tnx contain second-order moments of scattered am-0.00 plitudes [ I1I ] and describe, for various incident
0.80 polarization states, the scattered intensity measured

- with standard polarization components [ 12 ]. When
0. o.0 €=0° and 0=90° in fig. 2B, the incident polariza-

,. . .'• 90" tion states are horizontal and vertical, and the co-
0.40 e"."'and cross-polarized intensities may then be ex-

0.20 - 'pressed in terms of the four elements in the upper
"left of this matrix 112]. When 0=450 in fig. 2B. the

0.00 incident state is at 45%, and other elements in the
-90 -60 -30 0 30 60 90 third row and third column of the Stokes scattering

matrix contribute to the co- and cross-polarized scat-
Fig. 6. The scattered intensities, for 0=0, 0=45% and 0=901, tered intensities [121. These three values of 0 are of
as a function of the angle 0. Shown are the co-polarized intensity
(top), the cross-polarized intensity (center), and the total scat- primary importance, and at intermediate values the
tered intensity (bottom). The illumination is normally incident co- and cross-polarized intensities contain contri-
and has wavelength A = 3.392 pI.n. butions from only the Stokes matrix elements men-
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tioned above. From the point of view of fig. 2B& the (21 K.A. O'Donncll and ER. Mendez- J. Opt. Soc. Am -% 4

polarization-dependence of the experimental results (1987) 1194.

of figs. 3-6 thus demonstrate that ,he fundamental 131 M. Nieto-Vespcrnds and J.M. Soto-L. respo. Optics Lett. 12
S1987) 979.

matrix elements cited abt,•e play a highly significant J.M. Soto-Crespo at! '. "tc-Vespernas. J Opt. Soc. Am.
role in the scattering properties of this surface. A 6 (1989) 367.

The form of the Stokes sadttering matrix is dic- [41 A.A. Maradudin. E.'- .,-...ez and T. Michel. Optics Lett.
tated by the symmetries of the scattering configu- 14 (1989) 151,

ration [ 11]. The symmetries present for a one-di- A.A,Maradudin.T. :,. A,,R. McGurnand E.R Mcndez.
r.nn. Phys. 203 (1901U - .".'.

mensional rough surface give rise to only four unique [51 M. Saillard and D. .. J Opt Soc. Am. A I !9900
matrix elements [6.7 1, but the form of this matrix 982.
has not been investigated for a surface with isotropic 161 KA. O'Donnell ant '.! E. Knotts, J. Opt. Soc. Am. A 8
roughness in two dimensions. We thus conclude that (1991) 1126.
the results presented here also provide a clear indi- 17] T.R. Michel. M.E. Kiotus 4nd K.A. O'DonnelL 1. Opt. Soc

Am.A 9 (1992) 5S5
cation that future theoretical and experimental re- [ m. A a M9 5 R5

S8 ]Y.Q. Jin and M.Lax !'h,s. Rev. B 42 ( 1990)•98 i9.
search should address the Stokes scattering matrix of 191 P. Tran and A.A. M.rzuucin Pnys. Re'.B45H 992i 393',
such a surface. [10 1M.J Kim. J.C. Dam. -'L I. Fnberg and A.J Sant. 1. Opt

Soc. Am. A7 (1990) :09.
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Abstract

We present measurements of the polarization-dependence of the coherent and diffuse scatter

from a set of conducting surfaces with strictly one-dimensional roughness. The surfaces

have been fabricated with photoresist techniques and have been accurately characterized

with stylus profilometry. The surface roughness varies by a factor of approximately seven

throughout the series of surfaces, but all have height statistics that are close to Gaussian,

and a correlation length that is nearly fixed and that is comparable.to our illumination

wavelengths. The polarization-dependence of the scattered intensity is fully specified by

the four unique elements of the Stokes matrix, which are determined from six intensities

measured with different polarization conditions. In studies of the coherent scatter we find

large different. s between the p- and s-polarized intensities, and we show that the relative

phase of the p and s coherent amplitudes is strongly dependent on the surface roughness.

In the case of diffuse scatter, we demonstrate the wide range of behavior exhibited by the

scattered intensities and matrix elements. The rise of backscattering enhancement and

associated polarization effects are seen with increasing surface roughness, Znd it is shown

that surfaces with surprisingly modest slopes may produce backscattering enhancement. At

high angles of incidence, large differences between the p- and s-polarized diffuse intensities

are observed.
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Effects of finite stylus width
in surface contact profilometry

K. A. O'Donnell

A study of the effects of stylus width in the profilometry of a randomly rough surface is presented An
approximate solution for the path of a fiat.tipped stylus on an arbitrary surface is expressed as a nonlinear
function ofthe local surface height and its first two derivatives. This solution is then averaged to find the
first two moments of the measured profile when the surface and its derivatives are jointly Gaussian
variates. The measured surface variance is round to decrease with increasing stylus size in a manner
consistent with computer simulations.

1. Introduction nonlinear in surface height, so that it is not generally
The scattering of light by randomly rough surfaces possible to consider the profilometer output to be a
has remained a field of highly active research. There convolution of the actual surface profile with an
have been many studies of the residual scatter from instrumental response. This nonlinearity has been
slightly rough surfaces,1-3 while other researchers noted through harmonic distortion in simuiated scans
have considered the scattering of light by stronger of a sinusoidal profile,'0 '11 while sum and difference
surfaces where backscattering enhancement and un- frequencies can also be present in the simulated
usual polarization effects may be observed." In output for a surface composed of two sinusoids.:
such research a significant problem has been the Furthermore, cusps can occur in the profilometer
statistical characterization of the surfaces employed output when the contact point of the stylus changes
in experiments. Although there are a number of position discontinuously while traversing a deep
possible methods of surface profilometry,7 mechani- groove,"-' 4 even though the surface itself may be
cal profilometry with a small stylus has remained a differentiable.
relible (and often the preferred) means of characteriz- Such observations indicate that, mathematically
ing a rough surface. speaking, the profiling of a randomly rough surface is

A fundamental limitation of the resolution achiev- a subtle and difficult problem. In some previous
able with mechanical profilometry is the finite width research the maximum well-resolved spatial fre-
of the stylus. Styli are often of conical or shovel quency of a stylus with a given radius of curvature
form with a sharp curvature on the profiling tip.7 " was estimated. 2 Others have studied the effects of
Others have employed a stylus with a blunt (but still stylus width through numerical simulations of the
quite small) tip, in which a pyramidal shape ends in a profilometry of rough surfaces.''.14 Whitehousel5 has
flat contacting area.4 -9  Micrographs of typical studied stylus effects for a model in which the stylus
curved and blunt styluses may be seen in Refs. 8 and contacts the highest of three equally spaced points on
9, respectively. Although realistic styluses may be the rough surface. A more realistic approach was
submicrometer in size, they may not be sufficiently taken by Church and Takacs,12 who studied the
narrow to resolve the structures on the surface, even measured surface spectral density for a curved stylus
though these structures may play a significant role in and predicted an increase in measured roughness
the optical scattering experiments, with an increasing stylus tip radius.

It is known that the effect of the stylus width is In the present study we also discuss the effects of
stylus width in contact profilometry. Our method of
solution for the stylus path resembles that of Church

The author is with The School of Physics, Georgia Institute of and Takacs,12 except that we consider the case of a
Technolog,, Atlanta, Georgia 30332. one-dimensional stylus with a flat or blunt tip. This

Roceived 4 May 1992. solution is expressed in terms of the local surface
0003.6935/93/000001.07N06.00/0. height and its first two derivatives and, as expected,
c 1993 Optical Society of America. in nonlinear in these quantities. We then determine
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the first two moments of a profiled random process - 74
that originally had jointly Gaussian statistics of the
height and the first two derivatives. For the pro-
filometry of a process with a Gaussian height correla-
tion function, results are compared with computer
simulations and show a physically reasonable reduc-
tion in the measured variance as the stylus width
increases.

In passing, we also note that analogous nonlinear
transformations of random processes have been of
wide interest in previous work.16,17 In particular, L...
the effects of squaring, power-law transformations, Fig. 1. Four possible configurations in scanning a stylus with a
and even clipping of random processes have been flat tip along a rough surface • ix). The stylus i placed where h z
studied. As is shown here, the effects of stylus width has a negative slope (a). near a minimum of hzir so that both
provide another example of such a transformation, corners of the stylus contact (b}, where h(x) has a positive slope c
where the nonlinearities arise quite naturally in the and where a maximum in h(x) falls within the stylus width

calculation of the stylus path. (d). The full width of the blunt stylus tip is 2w.

2. Determination of the Stylus Path For simplicity, we then choose to study the path
followed by the midpoint of the blunt face, and we

We first consider the trajectory of a one-dimensional consider the stylus to be centered on the point x = x;,.
stylus with a blunt tip of full width 2w that is We assume that the random process h~x, is twice
following the contour of an arbitrary profile h(x). differentiable and, near xo, can be adequately approxi- 4,'
This shape of the stylus is investigated here partly maated by the power series fiAx):
because it is mathematically convenient and the
stylus path can be well approximated, as is seen ax2
below. Furthermore, results that are of general f(Ax) = h(xo) + Axh(xo) + -2 h(xo), .1
interest for any stylus (such as its nonlinear response
to surface height and the effect on the measured where vx - (x - x0 ), and the single and double dots
roughness) one clearly demonstrated here for the denote first and second derivatives, respectively.
blunt stylus, while showing these properties for other The approximating function f(Ax) clearly reaches an
stylus shapes may be quite difficult. However, it is extremum where its derivative is zero, which occurs
important to note that both the blunt stylus shape at the point Ax, where
and the one-dimensionality of the problem posed here
can correspond to realistic experimental situations. h(x0)

or example, recent research'4 employed a wedge- AX= .. .. 2
shaped chisel stylus with a blunt tip of submicrome- h(xo)
ter width to characterize surfaces with one-dimen-
sional roughness. The wedge angle was sufficiently This point is a minimum for h(xo) > 0, while it is a
steep compared with surface slopes so that the con- maximum for h(xo) < 0.
tact point remained at the blunt tip, which is consis- We first consider the case when h(xo) is positive. If
tent with the case described here. In the particular a maximum of f(Ax) does not occur within the stylus
applications of Refs. 4-6, a blunt stylus was chosen width, we have case (c) of Fig. 1. The right edge of
because it glides well on the gold-coated photoresist the stylus contacts the surface, and the height of the
surfaces of interest, and a good resolution was ob- center of the stylus is given within our approximation
tained with a tip width considerably smaller than the of Eq. (1) by

S correlation length of the surface. w2
'' As shown in Fig. 1, there are four ways in which
i such a stylus can contact the rough surface. If the s(x0) = f(w) - h(xo) + wh(xo) + 7- h(xo,. 3

slope of h(x) is of large magnitude at the stylus
location, either the right or left edge of the stylus will On the other hand, if there is a maximum occurring
contact the surface as is shown in case (a) or (c) of Fig. in f(Ax) within the stylus width [that is. if IAx, < u
1. If a maximum of h(x) falls within the stylus and if h(xo) < 01, this maximum will be the contact
width, this maximum will be the contact point [case point and its height will determine the stylus height
(d)]. Occasionally, both edges of the stylus will con- (see case (d) of Fig. 11. Within the approximation of
tact when the stylus is in a deep valley [case (b)J. Eq. (1), the height of the center of the stylus sixo& is
Despite the simplicity of these four cases, the determi- then equal to f(ax) evaluated at the contact point as
nation of the stylus path is still quite difficult unless in
approximations are made. [ 1

The path of the stylus may be considered to be that s )R h0(
followed by an arbitrary reference point on the stylus. S(Xo) = f(Ax) = h(xo) - A)4
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3. First Two Moments of the Measured Profile
In this section the first two moments of sx4 are
determined through application of Eq. (5). Through-
out this, it is assumed that the original process h x. is
a statistically stationary and ergodic random process
that is at least twice differentiable and, for the sake of
convenience, is of zero mean. We first consider the

completely general properties of the derivatives of

L _J such random processes. The second-order correla.

Fig. 2. Scanning a stylus with a flat tip along a realization of a tion function of h(x) is defined as

Gaussian process with the slope stanard deviation of unity. The C(Ax) - (h(z)h(x + Ax)), t !
curves represent the orginal Gaussian process (solid curves), the
stylus path from Eq. (5} [dashed curve in (A}I, and the exact path
calculated numerically Idashed curve in (B)]. The cae shown ia where the angle brackets denote an ensemble average.
2w - 0.6a. where 2w is the full stylus width and a is the surface The variance r2 of the random process h xi is C 0'.
correlation length. The tick marks on the horizontal axis ae It is well known's that the derivative hi(x, of the
spamd by the correlation length . process h(x) is of zero mean and has a variance of

(h2) a _ -1(O

if JAx < w and h(zo) < 0. Fi.ally, a similar and that h(x) and h(x) are uncorrelated so that
consideration of similar cases when h(xo) is negative
permits the stylus position s(xo) to be written in the (hA) - 0. 8
form On applying these considerations to the random pro-

[ 1Xo cess /z(x) and its derivative 4(x), we also have that
s(x0) - h(xo) - [2h(xo)} (5a) (A) = 0,

ifl I(xo)I < w Ih(xo)I and h(xo) < 0, and (h2) N C.2 _ C,4,(0), A10

S(xo) - h(xo) + w /z(xo)I + "2 h(xo) otherwise, (5b)

where C'41 denotes the fourth derivative of C Ir

where the condition of Eq. (4) has been written When we use methods directly analogous to those of

explicitly in Eq. (5a) with the help of Eq. (2)., These Ref. 18, it is also straightforward to show that

results also apply to case (b) of Fig. 1 (when h(xo) - 0 (h/) - _&2. 12
and h(xo) > 01; Eq. (Sb) .then correctly implies
that s{xo) - h(xo) + (w2/2)h(xo). Within the para- Determination of the moments of the profiled
bolic surface approximation of Eq. (1), Eq. (5) is thus a process s(x) also requires assumptions for the proba-
complete solution for the profilometry of a surface bility densities of h(x) and its derivatives. Here we
h(x) by a blunt stylus. assume that the process h(x) and its first two deriva-

Equation (5) may be used to approximate the stylus tives are jointly Gaussian variates. This is the case if
path for an arbitrary deterministic surface or for a h(x) is a Gaussian process, for it is well known that
realization of a random surface. The nonlinear ef- any linear transformation (such as differentiation, of
fects of the stylus width are immediately obvious in a set of Gaussian variates produces a set of such
Eq. (5). The application of Eq. (5) to a realization of variates.1  Because Gaussian variates are specified
a Gaussian random process is shown in Fig. 2. One by their two lowest-order moments,' 9 the moments
effect that can be clearly seen is that the stylus tends given above completely specify the statistical prop-
to broaden the maxima of the random process. This erties of h(x), h(x), and h(x). Furthermore, for the
arises from Eq. (5a), which approximates a constant Gaussian case, the correlations given by Eqs. t 8 11),
height of the stylus as long as a maximum of/t(x) falls and (12) then imply that
within its width. A second pronounced effect is that
the stylus often produces cusps in the valleys of the p(h, h, h) - p(h, h)p(h), 131
random process. A cusp occurs when the contact
point of the stylus changes from one side of the stylus where p ( ) denotes the respective probability density.
to the other; this arises from the term containing the To determine the mean of s(x), care must be taken
modulus in Eq. (5b). Both the cusps present at to average properly over different regions of probabil-
minima and the broadening of maxima have been ity space. In particular, the average of Eq ,5 may
noted in previous research.•'"4 be written in the form
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12 (wa 2  n~(1)2n + 1 it WdyZn
(s) -(h) + w(lI 1) + W2(4) - w(th) A()a 2(2)1lW A.!2n )2

-F ()w - 2(14) A similar procedure may be appied to the last term

where the angle brackets denote a statistical average of Eq. (14) [only the powers oa rIand h arising in the i'k)

over all values of the relevant variates, and Ow integrals analogous to Eq. (19) are different: to obtain v
denotes an average.in probability space only over the 1h_(Y.+? 2n

wedge h < 0 and wh < h < -wh as in I w
\2/4 2(2 n(

(f(h, , Ah)). - f dh J dhf(h, A, h)p(h, A, h), '21'

Finally, on substitution of Eqs. (16), (18,, )20, and
(15) (21) into Eq. (14), we are able to sum the two series to

where f() is an arbitrary function. In particular, obtain the reasonably simple result
,.• Eq. (14) follows by averaging Eq. (Sb) over all the w K/) 1 1-
2fl probability space, and to include the condition of Eq. (s) +f+ K +)( 1 + ,1; ln[(l + K2 ) K

(5a), by adding the second term of Eq. (5a) and
subtracting the last two terms of Eq. (5b) averaged 22
only where A < 0 and wh < A < -wh. Now, of
the first three terms of Eq. (14), only the second term where
is nonzero; direct integration over a Gaussian density
yields K• 23

W(Ihl) M w) . (16) Determining the second moment of six' requires
techniques that are similar to averaging terms over

The last three terms of Eq. (14) may be evaluated by regions of probability space, although there are more
first carrying out the trivial integration over A in Eq. terms and the manipulations are thus more lengthy.
(15). The fourth term may then be written as We then briefly present the intermediate results

f- rather than describing the details of the derivation.

w(ii. ( h)f0"j First, the square of Eq. (5) may be written in the form
0s 2) = (TI) + (T2 )., 24

x exp(_ ) (17) where

and evaluated in closed form as (TI) = (h 2) + W2(h2) + !ý (h2)
W4

1 (18) + 2w(hlhl) + w2 (hh) + w3 (lh'jý", 25
(I I (2.iT)1/2 t1 + (W d,/a)214

The fifth term of Eq. (14) may be similarly expressed (T2 )'. - -w 2 (h2 ). - -U (h2,) - 2w(hhl),,. - w2 hh
4

a 2 w'f ( A 2)0" - w3(Ihih). - ( 2) + (-W;)" 26

T 7;The fourth and sixth terms of Eq. (25) are zero
x .( 2(19) because h and its derivatives are of zero mean. Inexp\ "2&2 the case of the fourth term, h and h are statistically

independent, the moment factorizes, and it is then
Equation (19) may be evaluated by expanding the zero; for the sixth term, a similar argument applied to
exponential in h in a power series, integrating term by h and h shows the term to be zero. The remaining
term, and then integrating the resulting series over terms then follow directly from Eqs. (7-12) with the
h20, with the result that
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result that tions, with the relatively simple result

w4 w4  w3 &o
(TI) = Ca2 + 4 &2 (27) (s2) = 02 + 7' 2 - 4T.2

Evaluation of the terms arising in Eq. (26) requires ( - 2 -arctan'.u]}

considerable more attention, and we only state the - - ( - K4 )LK" I

final results as follows:
Equations (22) and (36) thus comprise closed-form

2 2w. (-2 1)(n + 1) expressions for the first two moments of a Gaussian
w((+2). 2 ) Kz, (28) process profiled with a fiat-tipped sylus of full width

= • .- 0 (2n + 3) 2w, within the locally parabolic approximation of Eq.

Sw42 W .K o (- 1)"(n + 1) (2).

4 ('2)W = . (2n + 1) K2" (29) 3. Discussion

We now consider some of the consequences of the
2w 2w 3&dI results derived in the section above. First, the mean

fih •r 1 + ' (30) of the profiled process of Eq. (22) is a positive quantity
for all w> 0. This is quite reasonable, for, as seen in

2w06r& (- 1)(n + 1) Fig. 2, the stylus path is expected never to fall below
1- K~ni (31) the level of h(x), and the path coincides only with the

I X-0 2 1process where a maximum of h(x) lies at the stylus

w 3&& K2  center. On expansion of Eq. (22) in powers of K, we
+ K2- (32) obtain theresult

2 (2 + 3) On, (33)..

moo Equation (37) shows that the initial rise in the mean
is linear in both w and & and that surface curvatures

/4\ w3o& (- 1)"(n + 1) become significant only through higher-order terms
--F K 2 K2-. (34)

\4h2  in * 2n5 - (3) nK.2 5O (It is also of interest to consider the variance of the
Equations (28), (29), and (34) have been obtained with random process s(x). This follows from subtracting
the same approach as used with Eq. (19); to derive the square of Eq. (22) from Eq. (36), with the result
Eqs. (30) and (32) the integral of Eq. (15) may be done that
exactly, while Eqs. (31) anrd (33) may be derived by 26,2 26r&
integrating over h and h first in Eq. (15). On s 2 (s2) - (s82 = o2 - -w 2 + w3
substitution of Eqs. (28-34) into Eq. (26) and then 3r-.
substitution of Eqs. (25) and (26) into Eq. (24), we (4 -
obtain the second moment of s(x) as 127r 3& w "+ , 38ý

(S2) + + where, for purposes of interpretation, the variance
4 12 has been expanded as a power series in w. It is clear

[2- 2 ( -~\ -1)"(n + 1) from Eq. (38) that the lowest-order term is the
*( (n + 1) Kl2  variance ofthe original process h(x) and that the next

1K2 + 1 \ 2 - (2n term is negative and of second order in both w and '.
Hence there is in general an initial reduction in the

* 2(1 - K") -l)8(n + 1) 2K2 measured variance of the random process resulting
,.0 (2n + 3) from the finite width of the stylus.

Further simplification of these results requires an
*K2  ) + 1) K assumed form of the correlation function C(0r of
S2 (2n + 5) (35) h(x). Here it is assumed to be of Gaussian form.

Finally the series contained in Eq. (35) may be (h(x)h(x + Ax)) - a2exp(-4x 2 a2a1, 39

expressed in closed form in terms of analytic func- and, on application of Eqs. (7) and (10), it is immedi-

ately found that

M 3 . = NO. A01T
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-l- measured variance. This is not entirely surprising,

for the parabolic approximation of Eq. (11 should not
be expected to hold for stylus widths greater than the
correlation length. In fact in Fig. 2 a tendency can
be seen for the approximation of Eq. (5a) to overshoot
slightly the true stylus trajectory near maxima in
h(x); for larger w these effects significantly contribute
to an overestimation of the measured variance.

Also shown in Fig. 3 is the variance of the stylus
path determined by exact numerical calculation of the
stylus trajectory in the computer simulations without
approximation. It can be seen that we obtained Ali
excellent agreement with the results based on Eq. ( 5

L_ . J until 2w a 0.8a, while for larger w the exact results
Fig. 3. Relative mesurewd variance as a function of the stylus show the expected monotonic decrease in a,'. The
width for profilometry of a Gaussian process. The slid curve dashed curve in Fig. 3 is the fifth-order approxima-
from Eqs. (22) and (36), which is to be compared with the results tion of Eq. (42), which produces considerably better
from the numerical simulation of Eq. (5) (circles). Also shown are agreement with the exact numerical simulations.

?n the fifth-order approximation of Eq. (42) (dashed curve) and results This convenient approximation may thus be em-
from numerical simuflation of the exact stylus path (triangles). ployed until the full stylus width is approximately

equal to the correlation length, with good numerical
accuracy.

These results are of considerable practical interest,
a - 2v1 /a2. (41) and, to illustrate this, we briefly note some practical

The variance of the profiled process 8(x) then follows consequences. In recent research 4.6 on characteriza-

from Eq. (38) as tion of a surface that was approximately a realization
of a Gaussian process with correlation length a = 3.57

2 jb~m, a blunt stylus with 2w - O.4-;Lm nominal width
2= a + was employed. From Eq. (42) it is then clear that the

"i[ a 3ir a measured variance should be 0.996 times the actual
(4 -3w) wi' 12V~~ 1variance. This indicates that the stylus width plays)_ (42) a small role in these measurements and that the

7r a 57 ja + experimental results represent the properties of the
surface essentially without stylus effects. On the

which demonstrates that the series generated is in other hand, the stylus width cannot be reduced
fact a power series in the parameter (wia). without limit because of surface damage, and if there

To verify further the results derived in Section 2, are surface structures that are considerably smaller
we also made comparisons with computer simula- in a particular experiment, the variance predicted by
tions of the profilometry of a Gaussian process with a the equations derived here will be considerably less
flat stylus. In this study, a large number of realiza- than that of the actual surface.
tions of a Gaussian process with a Gaussian correla-
tion function were generated. The stylus trajectory
was then computed from Eq. (5) for each process, and 4. Conclusions
the first two moments were then averaged over this It has been shown that it is possible to consider the

- ensemble. effect of stylus width in tae study of randomly rough
These comparisons are shown in Fig. 3. It can be surfaces with stylus profilometry. For the case of a

seen that the variance of the numerical simulations of stylus with a flat tip, an expression has been derived
Eq. (5) agrees well with the variance from the expres- that provides a good approximation to the profilome-
sions derived here [Eqs. (22) and (36)), since both ter output for a realization of a rough surface as long
show a consistent decay as a function of w until 2w a as the stylus width is comparable with or less than
a. This decay is relatively slow, and a stylus width the correlation length. This expression is based on a
comparable with the correlation length produces only locally parabolic approximation and could be general-
a modest reduction in the measured variance. How- ized to higher-order approximations, although deal-
ever, this behavior is consistent with the stylus effects ing with such higher-order terms appears to be
arising in Eq. (5). That is, as can be seen from Fig. 2, exceedingly difficult. The expression is nonlinear in
s(x) has a shallower minima but broader maxima than the surface profile and its derivatives and produces •-A,
h(X). The former effect tends to reduce V., while the cusps in deep valleys of the surface and maxima that
latter tends to increase o,2, so that the net effect is are broader than those of the original random pro-
apparently only a slow decay in V,2 as a functiorv of cess.
w/a. Closed-form expressions have been derived for the

For larger w the numerical and exact analytical first two moments of the profilometer output if the
results employing Eq. (5) both show an increase in the surface height and its first two derivatives obey
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Gaussian statistics, which is the case for a Gaussian 8. J. M. Bennett and J. H. Dancy, "Stylus instrument for

process. It has been shown that the mean should measuring statistical properties of smooth optical surfaces."

increase initially in a manner that is linear in stylus AppI. Opt. 20, 1785-1802 (1981).

width, while the variance should slowly decrease with 9. D. J. Whitehouse and J. F. Archard, "The properties of

increasing stylus width. For the case of a profile random surfaces of significance in their contact," Proc Soc

with a Gaussian correlation function, good agreement London SeG. A 316.97-121 y1970).
of the derived results with exact results from com- 10. S. R. Wilson, G. A. Ajumaily, and JR. McNeil, "Nonlinear
puter simulations is obtained until the full stylus characteristics of a stylus profilometer," in Current Develop-
width is comparable with the orrelation lengthy ments in Optical Enprineenng Ii, R. E. Fischer and W J

Smith, eds., Proc. Soc. Photo-Opt. Instrum Eng 815, 10-12
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